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ABSTRACT 


A  new  method  of  characteristics  niserical  scheme  for  three-dimensional 
steady  flow  hss  been  developed  which  has  second-order  accuracy.  Heretofore 
all  such  schemes  for  three-dimensional  flow  have  had  accuracies  less  than 
second-order.  A  cos?>lete  numerical  algorithm  for  cosputing  internal  super¬ 
sonic  flows  of  the  type  encountered  4n  ramjet,  scramjet,  or  rocket  propul¬ 
sion  systess  has  been  developed  and  programed  for  both  the  I®?  7094  and 
COC  6500  computers.  The  method  has  been  tested  for  order  of  accuracy  using 
the  exact  solution  for  source  flow  and  Prandtl-Keyer  flow.  The  results  of 
these  tests  have  verified  the  second-order  accuracy  of  the  scheme.  Addition 
al  accuracy  tests  using  existing  methods  for  solution  of  two-dimensional 
axi symmetric  flows  have  shown  that  the  scheme  produces  accuracies  comparable 
to  that  of  the  two-dimensional  method  of  characteristics. 

The  counter  program  has  been  used  to  generate  the  flow  field  for  sev¬ 
eral  three-dimensional  nozzle  contours  and  for  ncnsyseetric  fits*  into  an 
axlsysnetric  nozzle.  These  results  reveal  the  complex  nature  of  three- 
dimensional  flews  and  the  general  Inadequacy  of  quasi-tnree-dimensional 
analyses  which  neglect  crossflow.  _ 

An  operationally  convenient  computer  program  was  produced.  The  pro¬ 
gram  has  the  capability  to  analyze  noniscenergetic  and  nonhcxnentropic 
flews  of  a  calorically  perfect  gas  or  hoaentropic  flows  of  a  real  gas  ir. 
chttrical  equilibrium.  The  initial -value  surface  options  include  uniform 
flow,  source  flow  or  axi symmetric  tabular  data.  The  nozzle  boundary 
options  include  conical  nozzles,  axi symmetric  contoured  nozzles  and  super¬ 
elliptical  nozzles. 
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HOMENCUTURE 


A  difference  system  amplification  matrix 
Aj  coefficients  of  the  second-order  least  Squares  polynomial 
(1*1, 2, 3, 4.5,6) 

Intercepts  o*  super-si llpti cal  equation 
a  speed  of  sours 

a.  vector  of  directional  differentiation 

* 

c  velocity  C”5  divergence  of  Mach  conoid  surfacr 

E2,E3  exponents  cf  super-elliptical  equation 

f  general  functional  or  second-order  Interpolating  polynomial 
function 

h,H  enthalpy  and  stagnation  enthalpy,  respectively 

I  frequency  Index  or  difference  sch@e  point  designation 

L  characteristic  length 

M,H  frequency  factors  of  Fourier  cocsDonents  of  solution 
a,n  difference  network  Iodides 

N  total  or  half  dimension  of  the  logical  array 

components  of  unit  normal 

p,P  pressure  and  stagnation  pressure,  respectively 

q  magnitude  of  the  velocity 

Sq  heat  transfer  to  the  system 

r.|  cosponants  of  the  radius  vector 

T  temperature 

t  parameter  in  bl characteristic  pirmseterization  or  independent 

variable  in  directional  derivative 
U  vector  whose  components  are  the  dependent  variables  u^  and  p 
U|  component  of  velocity 

X  polynomial  function 

x*y,z  alternate  designations  for  the  x«  (1*1 ,2,3)  coordinates 
Xj  rectangular  cartesian  coordinate  (1*1 .2,3) 


lx 


Greek  Symbols 

reference  victor  couponing 
reference  vector  corepostents 

y  angle  between  the  strata! ins  and  the  initial -value  surface 

Krontker  delta 

x^  eigenvalues  of  sysfces  amplification  matrix 

e  angular  parameter  of  bichiracttristic  parasite -1  nation 

p  den?1 ty 

Subscripts 

1#j»k  rectangular  cartesian  coordinate  or  ccmpone-ft  ranging 
from  1  to  3 

tj  denotes  the  respective  wave  surface  ^characteristic,  (1, 2,3*4) 

Superscripts 

^  a  small  variation 

-  mean  value 


Operators 

d|f  directional  differential  along  the  direction  a^ 

A-f  directional  first  difference  along  the  direction  a, 

a  * 


SECTION  I 


INTRODUCTION 


1.  GENERAL  remarks 

The  method  of  characteristics  for  two-dimensional  axl symmetric* 
supersonic  internal  flow  has  been  used  -?or  approximately  twenty  years  in 
design  of  wind  tunnel  nozzles,  rocket  engine  nozzles  and  sir  inlets  for 
supersonic  aircraft.  The  most  sophisticated  design  techniques  use  the 
calculus  of  variations  to  establish  the  boundary  conditions  such  that  an 
optinusn  design  for  a  particular  set  of  constraints  is  produced.  Subse¬ 
quently  the  method  of  characteristics  is  used  to  establish  the  flow  field 
and  the  nozzle  or  inlet  wall  shape.  While  these  methods  for  two-dimen¬ 
sional  problems  have  become  highly  developed,  equivalent  methods  for  three 
independent  variables  are  In  their  infancy,  roughly  equivalent  to  the 
state  of  two-dimensional  methods  some  twenty  years  ago. 

The  reasons  that  the  development  of  the  three-dimensional  methods 
has  lagged  are  three-fold:  1)  the  three-dimensional  problem  is  fundamen¬ 
tally  more  difficult  than  the  two-dimensional  problem;  2}  the  required 
computer  capacity  for  three-dimensional  calculations  has  only  been 
achieved  In  the  present  generation  of  digital  computers;  and  3)  applica¬ 
tions  requiring  thres-dlmenstenal  supersonic  internal  flows  were  not  fre¬ 
quently  encountered.  In  fact*  the  need  to  calculate  the  external  flow 
about  supersonic  vehicles  flying  at  angles  of  attack  has  been  the  princi¬ 
pal  motivation  for  the  existing  three-dimensional  work. 

At  present,  however,  there  are  several  applications  which  require 
three-dimensional  supersonic  nozzle  flow  calculations.  These  include 
nonixisyifH^tric  flew  into  an  axi synmetri c  nozzle,  nonsynsnetri  c  distur¬ 
bances  in  axlsynsnstric  nozzles,  three-dimensional  nozzles  for  rocket  en¬ 
gines  having  nonsynsratri  c  exit  area  constraints,  and  three-dimensional 
nozzles  for  scramjet  systems  where  a  high  degree  of  integration  of  engine 
and  vehicle  structure  Is  desired.  The  scram jet  nozzle  application  was 


the  motivation  for  this  research. 

The  objective  of  the  present  research  is  the  development  of  a  practi¬ 
cal  and  accurate  numerical  method,  and  associated  'ompute**  program,  for 
analysis  of  three-dimensional  supersonic  exhaust  nozzle  flows.  The  chro¬ 
nological  development  of  this  work  is  documented  in  references  (1)  and 
(2),  which  are  year-end  progress  report*  for  United  State,’  Air  Porce 
Contract  Ho.  F33615-67-C-1G68. 

2.  THEORETICAL  REMARKS 

The  equations  of  motion  for  a  steady  supersonic  flow  of  an  inviscid 
fluid  in  three  independent  space  variables  are  well  established.  The 
equations  can  be  classified  as  a  system  of  quasi-linear,  first  order, 
symmetric,  hyperbolic  partial  differential  equations.  The  number  of  de¬ 
pendent  variables  will  depend  upon  the  assumed  nature  of  the  flow,  i.e. 
number  of  chemical  components,  whether  or  not  chemical  equilibrium  is 
assigned  to  exist,  existence  of  vortlcity,  presence  of  condensed  phases, 
etc.  The  mathematical  character  of  the  system  does  not  depend  upon  the 
specific  nature  of  these  assumptions  and,  consequently,  neither  does  the 
theoretical  method  of  solution.  However,  the  numerical  algorithm  and 
the  associated  computer  progrsi  will  depend  upon  the  specific  system  of 
equations. 

The  finite  difference  integration  schemes  which  have  been  proposed 
and/or  used  for  the  solution  of  syst^^s  of  hyperbolic  partial  differential 
equations  fall  Into  two  categories:  1)  schgses  based  on  characteristic 
directions  and  2)  schemas  based  on  the  coordinate  directions.  ’Variations 
of  both  approaches  have  been  Investigated  both  analytically  and  nisner- 
ically;  however,  no  one  method  has  been  shown  to  be  superior  for  all 
problems.  Numerical  stability,  accuracy,  and  time  of  computation  are 
the  factors  of  primary  importance  in  evaluating  a  particular  method. 
Secondary  factors  such  as  ease  of  programming  and  ease  of  incorporating 
boundary  conditions  are  also  important.  In  the  subsequent  text,  the  more 
pertinent  efforts  of  investigators  in  this  field  are  briefly  discussed 
in  an  attempt  to  establish  a  nstate  of  the  art". 
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3.  SURVEY  OF  THE  LITERATURE 


a.  Seneral .  To  a  limited  extent  the  nisserfcal  stability  end  ac¬ 
curacy  of  finite  difference  schemes  can  be  investigated  by  theoretical 
methods.  These  methods  provide  certain  necessary  conditions  which  should 
be  satisfied  by  any  numerical  sch^se  before  proceeding  with  its  numerical 
Implementation. 

Courant,  Friedrichs  and  Lewy  (3)  have  shc^m  that  a  necessary  condi¬ 
tion  for  stability  of  numerical  methods  for  solution  of  linear  hy'sr- 
bolic  partial  differential  equations  with  constant  coefficients  Is  that 
the  dee^ain  of  dependence  of  the  differential  system  must  be  contained 
within  the  convex  hull  of  the  difference  system  points  in  the  Initial  - 
value  surface.  For  three-dimensional  supersonic  flow  the  zone  of  depen¬ 
dence  of  the  differential  system  consists  of  the  area  enclosed  by  the 
intersection  of  the  Mach  conoid,  through  the  solution  point,  with  the 
initial -value  surface.  The  convex  hull  of  the  differencing  scheme  is 
the  polygon  formed  by  connecting  the  outermost  points  of  the  differencing 
scheme  in  the  initial -value  surface.  Hahn  (4)  has  shown  that  the  CFL 
criterion  is  both  a  necessary  and  sufficient  condition  for  stability  of 
sisplicial  differencing  schemes,  i.e.,  schemes  that  use  L  +  i  points  on 
an  L  dimensional  initial -value  surface  to  determine  a  new  solution  point. 
The  von  Nesaiann  condition.  Refs.  (5)  and  (6),  is  a  stronger  stability 
criterion  which  requires  that  the  eigenvalues  of  the  amplification  matrix 
be  less  than  or  equal  to  one  in  absolute  value.  The  von  Neumann  condition 
Is  also  a  sufficient  condition  for  analytic  initial  data.  If  the  govern¬ 
ing  differential  equations  have  variable  coefficients  and  are  nonlinear, 
then  no  exact  test  for  stability  exists.  The  usual  approach  *  to  require 
that  the  CFL  condition  be  satisfied  and  to  apply  the  von  Neumann  condition 
locally  aft?r  linearization  of  the  differentia!  equations.  Ref.  (5).  Ex¬ 
perience  to  date  has  verified  the  soundness  of  this  approach.  Thus  any 
numerical  s chess  which  doss  not  satisfy  both  the  CFL  and  von  Neumann  con¬ 
ditions  is  regarded  as  unsatisfactory. 

The  absolute  accuracy  of  a  miseries!  scheme  is  difficult  to  establish 


without  actually  cemoarinQ  numerical  results  with  an  exact  solution. 


ever,  a  desired  order  of  accuracy,  which  governs  how  rapidly  the  solution 


3 


converges  with  reduction  of  the  step  size,  cm  bt.  achieved  by  using  con¬ 
sistent  approximations  throughout  the  nisrerical  schema.  For  a  particular 
scheme,  the  absolute  accuracy  vdll  increase  as  the  order  or  accuracy  is 
increased.  It  is  reasonable  to  expect  that  different  schemes  having  the 
same  order  of  accuracy  will  have  comparable  absolute  accuracy,  although 
there  is  no  guarantee  of  this. 

A  more  accurate  scheme  will  permit  the  use  of  larger  step  sizes  and 
thus  fewer  points  need  to  be  computed.  In  three  independent  variable 
problems,  increasing  the  computing  interval  by  a  factor  of  two  results  in 
a  reduction  in  the  nisaber  of  computed  points  by  a  factor  of  eight  Thus, 
a  more  accurate  but  more  complex  scheme  may  actually  require  less  total 
computer  time. 

b,  Method  of  Characteristics.  The  concept  of  characteristic  direc¬ 
tions  was  first  discussed  by  Nassau  (?)  in  18S9,  and  since  that  ties  the 
method  has  been  widtly  applied  to  the  solution  of  two-diisensional  prob¬ 
lems.*  The  method  of  characteristics  has  been  very  successful  in  two- 
dimensional  problems  because  it  provides  a  .■naans  by  which  a  system  -of 
partial  differential  equations  is  reduced  to  a  system  cf  coupled  ordinary 
differential  equations  along  characteristic  directions.  The  utility  of 
the  method  of  characteristics  Is  weakened  when  three  Independent  variables 
ere  considered  because  the  system  of  equations  can  no  longer  be  reduced  to 
a  system  of  ordinary  differential  equations.  Instead,  the  equations  can 
only  be  reduced  to  a  system  of  partial  differential  equations  in  a  space 
cf  one  lover  dimension,  l.e.,  a  characteristic  surface,  and  any  integra¬ 
tion  scheme  necessarily  includes  numerical  evaluation  of  derivatives  ... 
at  least  two  independent  directions. 

The  characteristic  surfaces  for  three-dimensional  stationary  flow 


are  shown  by  Rusanov  (8)  to  be  surfaces  tangent  to  the  local  Hcch  conoid, 
wave  surfaces,  and  surfaces  which  are  composed  of  the  stre®i1ines,  stream 
surfaces.  Thus,  two  infinite  fssrflUs  of  characteristic  surfaces  exist. 
The  system  of  differential  equations  reduces  to  an  Interior  operator, 
i.e.,  a  characteristic  ccapatibility  relation  on  these  surfaces. 


-A  review  of  the  literature  for  the  method  of  characteristics  in  two  in¬ 
dependent  variables  will  not  be  given  here  as  the  volume  of  such  liter¬ 
ature  is  er.omous  end  has  only  indirect  bearing  on  the  problem  at  hand. 


Numerical  integration  along  a  system  of  sucn  surface^  is  theoretically 
lass  complex  than  Integration  along  noncrssracteristic  surfaces  where 
derivatives  with  respect  to  all  three  independent  variables  necessarily 
appear. 

4  number  of  investigators  have  proposed  numerical  schemes  using  the 
characteristic  compatibility  relations  for  three  independent  variable 
problems;  however,  only  a  few  have  developed  complete  n lyrical  algorithm 
and  obtained  results.  Good  surveys  of  the  various  approaches  which  have 
been  taken  are  given  by  Foweil  (9h  Thomson  {'Q)}  and  Strom  (11). 

All  schemas  using  the  method  of  characteristics  are  based  on  the 
fact  that  the  original  system  of  hyperbolic  partial  differential  equations 
can  be  replaced  by  an  equivalent  system  of  independent  differential 
characteristic  compatibility  relations.  Frequently,  the  question  arises 
whether  or  not  «  '<  >  the  differential  compatibility  “elations  which  are 
used  In  a  particular  approach  are  independent.  Rusanov  (8)  has  investi¬ 
gated  both  the  mss>er  of  independent  characteristic  compatibility  rela¬ 
tions  which  can  exist  at  a  point  or.  a  particular  character! Stic  surface 
gr.d  the  number  of  such  independent  relations  cot 'i dering  ail  possible 
characteristic  surfaces.  Two  infinite  families  cf  differential  cc^sati- 
bility  regions  exist  which  correspond  families  of  character¬ 

istic  surfaces.  Thus,  considerable  freedom  exists  in  the  choice  of  dif¬ 
ferential  systems. 

The  number  of  independent  characteristic  differential  relations  at 
a  point  cannot  exceed  tl.-e  rusher  of  original  differential  equations  which 
comprise  the  system.  For  a  complete  system  this  msiber  will  be  just  equal 
to  tne  nusser  of  dependent  variables.  Rusanov  found  that  a  maximum  of 
three  differential  wave  surface  compatibility  relations  are  Independent, 

In  addition,  he  obtained  the  conditions  under  which  the  wave  surface  and 


stream  surface  differential  compatibility  relations  are  dependent.  It 
is  ii®ortant  for  the  discussion  of  the  various  ntffisrical  schemes  to  note 
that  these  criteria  for  independence  apply  only  to  differential  relations 
at  a  point  in  the  solution  space.  Specifically,  they  do  not  apply  to  the 
difference  relations  which  are  obtained  when  the  derivatives  are  replaced 
by  finite  differences.  This  is  so  because  the  finite  difference  relations 
are  approximate  integrals  of  the  equations  and  are  all  independent,  at 


least  to  within  the  order  of  approximation. 

In  the  application  of  the  method  of  characteristics  to  two  indepen¬ 
dent  variable  problems ,  mssrically  stable  schemes  result  and  second- 
order  accuracy  is  easily  achieved.  For  three  independent  variable  prob¬ 
lems,  stable  schemes  do  not  necessarily  result  and  second-order  accuracy 
is  much  sore  difficult  to  achieve.  There  is  no  way  g  priori  to  assure 
stability  of  a  scheme,  and  the  CFL  and  von  Keissann  stability  criteria 
must  be  applied  to  each  scheme  which  is  devised.  With  the  exception  of 
the  work  by  butler  (12),  all  schemes  which  have  been  proposed  for  applying 
the  method  of  characteristics  to  three  Independent  variable  problems  have 
had  only  first-order  accuracy.  Some  of  the  schemes  may  be  more  accurate 
than  others  for  a  finite  step  size.  However,  all  share  the  characteris¬ 
tic  that  the  local  error  approaches  zero  with  the  square  of  step  size, 
whereas  with  Butler’s  scheme,  the  local  error  approaches  zero  with  the 
cube  of  step  size. 

If  in  forming  a  finite  difference  scheme,  the  differentials  are  sim¬ 
ply  replaced  by  finite  differences  and  the  coefficients  and  remaining 
terms  In  each  equation  are  evaluated  at  one  of  the  end  points  of  the  fin¬ 
ite  difference  network,  then  the  accuracy  of  the  resulting  schenc  it 
first-order  in  step  size,  i.e.»  the  equivalent  of  the  Euler  scheme  for 
ordinary  differential  equations.  The  nisuber  of  independent  difference 
relationships  required  for  schemes  having  first -order  accuracy  is  equal 
to  the  number  of  independent  variables  of  the  system.  Some  i fives ti gators 
have  used  more  than  the  minimum  nisiber  of  finite  difference  i^lsfions 


required  for  a  determinate  system.  The  additional  relations  are  Indepen¬ 
dent,  and  as  a  result,  the  system  is  overdetsrained  such  that  multiple 
solutions  are  possible.  Such  an  overdetermined  system  was  solved  in  the 
least  squares  sense  by  Chu,  Hiemar^and  Powers  (13,  14).  Multiple  solutions 
ware  obtained  and  subsequently  averaged  by  Strom  (11)  and  Sauerwein  (15). 


If  higher-order  approximations  are  used  for  the  differential  rela¬ 
tions,  then  additional  unknowns  will  be  introduced  ard  a  greater  mssber 
of  Independent  relations  nwst  be  used.  The  additional  unknowns  will  be 
in  the  form  of  higher-order  coefficients  in  the  power  series  expansions 
or  equivalently,  the  derivatives  of  the  dependent  variables  at  the  unknown 
ooint.  Butler  (12)  has  shown  that  only  two  additional  independent  relations 


are  necessary  for  a  miseries!  scheme  having  second-order  accuracy.  Un¬ 
doubtedly  even  higher- order  schemes  amid  be  devised;  however,  the  numer¬ 
ical  ccssplexlty  would  probably  increase  greatly  as  the  orde?  wf  accuracy 
is  Increased. 

It  is  important  to  note  that  the  mssber  of  independent  finite  differ¬ 
ence  relations  which  must  be  used  in  a  particular  miseries!  scheme  is  not 
only  a  function  of  the  mssber  of  dependent  variables  of  the  differentia! 
systea,  but  is  also  dependent  upon  the  order  of  accuracy  of  the  scheme. 
This  fact,  as  well  as  the  importance  cf  the  domain  of  dependence  for  a 
point  in  the  solution  space  to  numerical  stability,  will  help  to  clarify 
sera  of  the  differences  between  the  various  msnerical  schemes. 

A  variety  of  finite  difference  schemes  having  first-order  accuracy 
have  bean  proposed.  Two  schsaas,  the  hexahedra!  network  cf  bi character¬ 
istics  and  the  hexahedra!  network  of  general  characteristic  surfaces, 
were  proposed  by  Thornhill  (16)  in  1948.  The  resulting  networks  for  these 
two  schemes  are  illustrated  in  Figure  1.  These  methods  were  developed 
for  an  irrotationa!  flow,  and  in  this  case,  only  a  single  family  of  char¬ 
acteristic  surfaces,  the  wave  surfaces,  are  obtained  in  the  analysis. 

The  envelope  of  all  such  surfaces  through  a  point  is  the  Hach  conoid, 
see  Figure  1.  Later  numerical  work  by  Sauerwein  (17)  with  these  schemes 
showed  the  first  to  be  unstable  and  the  second  to  be  stable.  The  cause 
of  the  instability  is  now  recognized  as  beir-g  due  to  the  fact  that  the 
CR.  stability  criterion  is  violated,  see  Figure  1. 

Koecke!  (18)  In  1949  described  a  method  of  characteristics  sch^e 
which  was  based  on  the  work  of  Ferrari  (19).  This  Method  consists  of 
applying  the  characteristic  cosijatibility  conditions  along  tne  intersec¬ 
tions  of  two  characteristic  surfaces  with  two  reference  planes  and  the 
intersection  of  the  two  characteristic  surfaces  with  each  other.  This 
scheme  is  known  as  the  network  of  intersections  of  reference  planes  and 
is  illustrated  In  Figure  2a.  The  major  objection  to  this  scheme  is  that 
the  CFt  stability  criterion  is  violated,  Ref.  (5).  A  further  difficulty 
in  applying  this  scheme  is  that  additional  boundary  conditions  are  re¬ 
sulted  on  the  end  reference  planes,  such  as  a  plane  of  syraetry,  or  iter¬ 
ation  is  required  if  the  reference  planes  are  chosen  as  radial  planes 
threuah  a  fixed  axis.  The  iteration  is  required  to  obtain  closure  of 
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FIGURE  I.  HEXAHEDRAL  CHARACTERISTIC  NETWORKS 


FIGURE  2.  CHARACTERISTIC  SURFACE  NETWORKS 


the  flnita  difference  solution  between  the  first  and  last  radial  planes. 

Eased  on  the  work  of  Titt  (20)  and  Colburn  and  Dolph  (21 },  Holt  (22) 
has  suggested  a  network  that  Is  formed  by  the  intersection  of  two  char¬ 
acteristic  surfaces  ^anating  fres  two  lines  In  the  initial-value  surface. 
In  this  Bathed  the  co^stihility  equations  are  applied  along  bi character¬ 
istics  within  the  two  characteristic  surfaces,  see  Figure  2b.  It  has 
been  pointed  out  by  Beie  and  Leigh  (5,  6}  that  this  scheme  violates  the 
CFL  stability  criterion,  and  they  proper-*  further  aodificsticn  of  Holt's 
scheme  to  produce  an  "illicit  prismatic  characteristic  surface  network* 
which  satisfies  the  CFL  stability  condition.  Apparently  no  attespts  to 
use  eitner  of  these  methods  have  been  made . 

Another  serious  sho!*tccsing  of  the  reference  plane  methods  Is  that 
one  of  the  finite  difference  relationships  used  in  the  solution  for  a 
point  is  applied  along  a  direction  which  Hes  completely  outside  the 
tone  of  dstpasK'tnce  of  the  unknown  point*  Wiile  this  is  desirable  free?  a 
stability  standpoint,  it  is  undes 1 rabl e  *or  accuracy.  Accuracy  is  great¬ 
est  when  the  difference  scheme  zone  of  dependence  just  exceeds  the  dif¬ 
ferential  systss  zone  of  dependence.  Further,  as  pointed  out  by  Sutler 
(12),  difficulties  u?oy1d  be  encountered  at  boundaries  forsed  by  shock 
waves ,  particularly  when  the  principle  direction  of  propagation  of  the 
shock  is  In  the  direction  of  the  ordinary  curve  used  in  the  integration 
schema. 

A  method  using  intersections  of  characteristic  surfaces  with  a  single 
reference  plane,  called  tee  method  of  near  characteristics,  was  developed 
by  Sauer  (23,  24)  and  Holt  (25,  25)  end  used  for  numerical  computation 
by  Hcretti  (27,  28)  and  Rakish  (23,  30).  This  method  appears  to  be  tee 
shiest  first-order  5 enema  white  has  been  devised  and  tee  network  is 
illustrated  in  Figure  3a.  The  method  is  very  similar  to  other  reference 
plane  schemes  except  teat  tee  tens  containing  cross  derivatives  are 
evaluated  in  the  initial -raise  surface,  while  the  other  methods  use  a 
finite  difference  approximation  to  these  -cross  derivatives  along  an 
ordinary  coordinate  direction  through  tee  unknown  point.  Rafeich  (30) 
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has  used  a  version  of  teis  approach  for  the  calculation  of  flow  about 
rawed  cones  and  tee  results  acres  well  with  experiment.  This  sch-sre 
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FIGURE  3.  NEAR  CHARACTERISTIC  AND  REDUNDANCY 

NETWORKS 


reference  planes  can  be  taken  as  meridional  planes  through  the  body  and 
‘-he  axis  points  do  not  enter  the  calculation.  However,  It  is  not  clear 
that  this  method  could  be  applied  with  equal  success  to  more  arbitrary 
three-dimensional  flows. 

The  near  characteristics  scheme  h:s  two  potential  problem  areas. 

The  most  significant  is  the  fact  that  the  near  characteristics  are  in 
general  outside  the  zone  of  dependence  of  the  unknown  point.  Only  when 
the  reference  plane  contains  the  velocity  vector  will  the  near  character¬ 
istics  correspond  to  bi characteristics  and  define  the  true  zone  of  de¬ 
pendence  of  the  new  point.  Rakieh  (30)  has  pointed  out  that  this  con¬ 
dition  helps  assure  that  the  CFL  stability  criterion  is  satisfied.  While 
this  is  true,  it  also  result',  in  a  more  rapid  error  growth  due  to  the 
fact  that  the  speed  of  propagation  of  numerical  disturbances  can  be  sig¬ 
nificantly  greater  than  required  for  stability  at  high  yaw  angles.  A 
second  potential  problem  Is  the  fact  that  the  convex  hull  of  the  differ¬ 
ence  schema  will  depend  upon  the  manner  by  which  the  cross  derivatives 
are  evaluated  in  the  Initial- value  surface,  and  thus,  whether  g**  not  the 
CFL  condition  for  stability  is  satisfied. 

rowel i  (9)  in  1951  applied  the  hexehedral  method  of  bi characteristics 
which  was  proposed  by  Thornhill  (15),  see  Figure  la.  Only  hand  calcula¬ 
tions  were  performed  for  a  few  points  and  the  fact  that  the  scheme  Is 
numerically  unstable  was  net  discovered.  The  unstable  character  of  this 
scheme  was  discovered  by  Sauerwein  (31,  32,  33)  in  his  attempts  to  apply 
it  to  two-dimensional,  unsteady  flows.  Sauerweln  subsequently  modified 
the  scheme  such  that  the  CFL  stability  condition  was  satisfied  arid  was 
able  to  obtain  useful  results. 

Tsung  (34)  in  1961  used  the  hexahedral  method  of  characteristic  sur¬ 
faces  p.oposed  by  Thornhill  (IS) »  Figure  lb,  which  satisfies  the  CFi, 
stability  condition,  for  calculation  of  the  irrotatior.al  flew  ever  a  con¬ 
ical  boattafl  with  elliptic  cross- section  and  a  delta  wing  at  angle  of 
attack.  No  numerical  instabilities  were  encountered  and  results  were 
obtained  which  agreed  closely  with  experimental  results.  Reed  (35  v  36, 

37)  also  has  used  the  method  of  hexahedral  characteristic  surfaces  for 
calculating  rotational  flow  in  nozzles.  Ntsnerical  calculations  were  only 
made  for  axisyn^netric  flows  ’or  purposes  of  checking  the  program. 
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Pricfenore  3rswn  and  Franks  {38}  in  1965  reported  results  of  numerical 
stability  studies  using  a  redundant  system  of  four  bi characteristics 
which  were  solved  dr  satisfied  in  a  least  squares  sense.  The  question 
of  a  preferred  orientation  for  the  difference  network  was  investigated 
in  which  two  of  the  bi characteristics  used  lie  in  a  plane  defined  by  the 
velocity  vector  and  the  streamline  normal.  Chu,  Niemargand  Powers  (13) 
in  1966  repeated  results  which  were  obtained  using  the  redundant  char¬ 
acteristics  scheme,  see  Figure  3b.  Apparently,  stability  problems  moti¬ 
vated  the  use  of  the  redundancy  method,  as  it  Is  sported  that  the  re- 
cundancy  method  showed  marked  stability  improvement.  The  convex  hull  of 
the  difference  scheme  does  not  satisfy  the  CFL  stability  condition  If  the 
points  used  are  those  from  previous  calculations.  When  it  is  necessary 
to  interpolate  in  the  initial- value  surface,  the  convex  hull  of  the  dif¬ 
ference  scheme  is  increased  ard  the  CFL  condition  can  be  satisfied.  In- 
terpolstlor.  was  used  in  the  reported  calculations,  and  it  was  apparently 
sufficient  to  stabilize  the  method. 

All  of  the  methods  which  have  been  discussed  thus  far  produce  a 
solution  which  is  accurate  to  at  least  first-order  in  step  size.  The 
method  developed  by  Butler  (12)  is  unique  in  that  second-order  ac.uracy 
*  clearly  maintained.  In  addition,  the  method  originally  proposed  by 
Bvtlsr  dees  not  involve  integration  along  a  finite  number  of  directions. 
The  n^srlcsl  relations  which  result  involve  integrals  ever  the  convex 
hull  of  the  Mach  conoid  and  the  intersection  of  the  streamline  with  the 
initial-value  surface.  However,  In  practice  the  integrals  are  evaluated 
by  weighted  sssnmati or  over  four  particular  bi characteristics.  The  net¬ 
work  Is  illustrated  in  Figure  4.  This  scheme  was  programed  for  two- 
dimensional  unsteady  flow  by  Elliott(39)  and  Richardson  {40}  and  numer¬ 
ical  results  were  obtained.  The  msnerical  results  compared  favorably 
with  experimental  values;  however,  no  information  is  available  on  required 
reputing  tire  or  relative  step  size  used.  Thus  a  comparison  with  re¬ 
sults  obtained  using  schemes  having  first-order  accuracy  cannot  be  made. 

Sutler’s  proposed  approach  for  three-dimensional  steady  flow  is 
analogous  to  the  Harris  (41)  scheme  for  two-dimensional  flew.  The  numer¬ 
ics!  accuracy  is  the  same  order  {i.e.,  second  order},  and  the  method  for 
computing  the  location  of  new  points  by  the  intersection  of  streamlines 
with  consecutive  coordinate  planes  Is  the  same.  In  contrast  to  the 


13 


o 

L» 

m 

vc 

yj 

h* 

U 

< 

cc 

<r. 

x 

o 

o 

LlJ 

00 

o 

Q_ 

c 

q: 

Cl 


CO  pr 

CC  O 
LlJ 

-J  r* 
p  H 

x  Uj 


d: 

CD 


variety  of  first-order  networks  which  have  been  proposed,  the  original 
second-order  scheme  proposed  by  Sutler  dc-^s  not  allow  any  freedom  It  the 


choice  of  network.  The  compatibility  equation  is  integrated  over  all 


hi  characteristics  passing  through  a  point,  i.e.s  the  Mach  cone,  and  in 
effect  all  bi character! sties  ere  utilized.  When  the  integrals  are  re¬ 
placed  by  $  testation  over  four  particular  bi characteristics,  one  degree 
of  freedom  is  possible  In  the  choice  of  network  orientation. 


£<  Finite  Difference  Methods.  The  use  of  ordinary  finite  differ¬ 
ence  methods  for  solution  of  the  steady  flow  equations  in  three  dimensions 
has  also  received  considerable  attention  1  r*  the  past  several  years.  Since 
the  advent  of  high  speed  digital  computers,  more  and  more  attention  has 
beer,  given  to  nisnerical  schemes  for  integration  of  systems  of  partial 
differential  equations  by  simply  replacing  the  derivatives  by  difference 
quotients.  The  books  by  Richtraeyer  (42)  and  Forsyth  and  Hascw  (43)  treat 
the  elements  of  this  approach.  The  major  problems  whicn  are  encountered 
in  applications  of  ordinary  finite  difference  methods  are  msnerical  sta¬ 
bility  and  accuracy.  The  most  serious  accuracy  problems  are  encountered 
in  devising  means  to  satisfy  boundary  conditions  on  surfaces  which  do  not 
correspond  to  coordinate  planes,  thus  necessitating  interpolation  or  ex¬ 
trapolation.  Even  when  the  boundaries  correspond  to  coordinate  planes, 
a  loss  of  accuracy  occurs  because  the  derivatives  at  the  boundaries  can 
only  be  approximated  by  one-sided  difference  quotients. 

Thosssn.D’Attorre  and  Nowak  (44,  45,  46}  have  recently  completed 
programs  for  calculating  the  interaction  region  of  multiple  rocket  engine 
exhaust:  using  a  Lax-W'endroff  (47)  type  differencing  scheme.  As  a  check 
case,  the  flow  field  of  an  axi symmetric  jet  has  been  calculated  and  the 
results  are  in  excellent  agreement  to  those  obtained  by  the  two-dimensional 
method  of  characteristics.  Babenko  {48}  has  also  used  a  finite  differ¬ 
ence  method  for  esnputing  the  three-dimensional  flow  over  smooth  bodies 


7?  f  ! 


apparent  success. 


4.  THE  GENERAL  NUMERICAL  METHOD 

The  objective  of  this  research  is  the  development  of  a  numerical 
method  for  solution  of  a  particular  system  of  partial  differential  equa¬ 
tions  (i.e.,  the  equations  of  motion  for  «  steady  supersonic  flow). 
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However,  the  general  method  is  applicable  to  any  system  of  quasi -linear 
hyperbolic  partial  differential  equations  for  which  the  characteristic 
equation  consists  of  a  quadratic  factor  and  a  repeated  linear  factor, 
see  Appendix  A,  Eq.  (A-17). 

The  numerical  method  is  based  on  the  work  reported  by  Butler  in 
Ref.  (12),  with  the  exception  that  an  improvement  Is  made  to  the  original 
method  which  results  in  a  considertble  simplification  of  the  final  metr¬ 
ical  scheme.  The  account  of  Butler's  work  contained  In  Rtf.  (12)  Is  ex¬ 
tremely  brief  and  for  this  reason  Appendix  B  Is  a  redtvel epssnt  of  the 
improved  approach  with  the  intermediate  3tep$  and  theory  included.  This 
information  as  well  as  that  in  Appendix  A  is  net  essential  to  a  general 
understanding  of  the  numerical  schssg  for  supersonic  flow,  but  is  in- 
ts ndad  for  the  researcher  who  may  attest  modification  or  extension  of 
the  method  to  other  systems. 
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SECTION  II 


GAS  DYNAMIC  MODEL 


1.  GOVERNING  EQUATIONS 

The  supersonic  motion  of  most  compressible  fluids  encountered  in 
propulsion  systems  can  b€  accurately  described  by  mams  of  the  governing 
equations  for  the  motion  of  m  ideal  fluid.  The  major  assumptions  which 
constitute  the  gas  dynamic  model  are:  i.  contlnuis,  2.  inviscid, 

3.  steady,  4.  strictly  adiabatic  (i.e.,etch  particle  of  fluid  is  con¬ 
sidered  to  be  an  adiabatic  system  in  addition  to  the  overall  system 
being  adiabatic),  5.  frozen  or  equilibria  chemical  composition,  and 
6.  smooth  initial  data  and  boundaries. 

The  governing  equations  for  such  a  system  are:  the  continuity 
equation® 


U^{Sp/3X^)  +  p(su^/sx^ )  *  0  (1) 

and  the  Euler  moms'.tisi  equations 

p  UjU^/sXj)  +  sp/sx^  =0,  (i  *  1.  2,  3)  (2) 

where  the  u1  are  the  velocity  components,  e  is  the  density,  p  is  the 
pressure  and  Is  a  systea  of  rectangular  cartesian  coordinates.  These 
equations,  Eqs.  (1)  and  (2),  are  a  system  of  quasi-linear  partial  differ¬ 
ential  equations  which  govern  the  three-diaensionsl  motion  of  an  ideal 
fluid.  However,  they  do  not  fora  a  c^lite  system  since  the  mseber  of 
dependent  variables  txete-ds  the  n*m=?  ©f  equations. 

A  collets  systia  for  a  compressible  flow  is  obtained  by  expressing 
the  derivatives  of  density  in  term  of  derivatives  of  tna  velocity  com¬ 
ponents  and  the  pressure,  mis  is  tccswllshtd  through  consideration  of 

^Repeated  indicles  fwly  suw&atlon  ever  the  range  1  to  3  unless  stated 
otherwise. 


the  first  law  of  thereodynaa  s  for  a  particle  of  fluid  hiding  contiguous 
property  variations,  i.e., 

de  ®  so  -  aw  (3) 

where  de  Is  a  differential  change  in  internal  or@rgyr  eg  is  the  ht-.* 
transfer  to  the  particle  and  aw  is  the  work  done  on  the  sur ?oynd1 ngs . 

As  a  result  of  the  strictly  adiabatic  assi^tion,  the  hist  transfer  an 
is  identically  zero.  Further,  as  a  result  of  the  invlicid  assu^tion 
no  shear  forces  are  present  and  the  only  fora  of  work  doie  jy  the  particle 
is  the  volume  displacement  against  the  pressure  of  the  surroundings,  i.e., 

jw  =  pd(l/p)  (4) 

Thus  the  first  law  for  a  particle  yields  the  result 

dh  =  (l/p}dp  (5) 

where  h  is  the  particle  enthalpy  {i.e.,  h  ®  g  »  p/p}.  The  general  thermo¬ 
dynamic  equation  for  a  particle  of  the  fluid,  with  the  ceaipositien  either 
frozen  or  in  chemical  equilibrium,  is  shows  in  Appendix  C  to  be 

Tds  *  dh  -  {l/p}dp  (5) 

where  T  is  temperature  and  s  is  entropy.  Using  the  first  law  result  for 
the  particle  system,  Eq.  (5),  the  general  thermodynamic  equation  reduces 
to 

ds  s  0  (7) 

which,  when  expressed  in  teres  of  spatial  derivatives  of  the  entropy, 
yields  the  result 

u^ (25/5X4)  3  0  (S) 

Thus  the  entropy  is  a  constant  along  each  streaaline  of  the  flow  with 
the  value  deter lined  by  ssst  initial  condition. 

The  speed  of  propagation  of  an  infinitesimal  and  1  sen tropic  distur¬ 
bance  (i.e. ,  the  sound  speed)  is  given  by 
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or  s 


V  *  (sp/3p } 


(9) 


where  the  subscript  or  s  denotes  either  frozen  composition,  c„. ,  or 
chemical  equilibrium,  e.  Since  the  entropy  and  atonic  composition  are 
constant  for  a  particle  of  fluid,  the  partial  derivative  in  Eq.  {5}  may 
be  written  as  the  ratio  of  property  differentials  for  a  particle,  so 
that  along  any  streamline 

a2  *  dp/de  (10) 

or  when  the  particle  differentials  ere  expressed  in  terms  of  spatial 
derivatives 

u^dp/zx,)  *  a"41  u^ap/sx^)  (11} 


Equation  (11)  is  used  to  eliminate  the  spatial  derivatives  of  density 
from  the  continuity  equation,  Eq.  (1),  and  thus  the  mssber  of  dependent 
variables  which  appearsln  the  system  of  equations,  Eq.  (1)  and  (2),  is 
reduced  by  one.  The  resulting  systes  of  equations  can  be  written  in  a 
convenient  matrix  notation  using  the  Kronek«r  delta 


(12  s 


Although  Es 
ential  aquatic 
the  coefficient 
iables  infers  a 


3,  (12)  is  a  determinate  system  of  quasi -11 
- ,  the  density  and  the  speed  of  sound,  whic 
matrix,  must  be  expressed  in  tens*  of  the 
solution  can  be  attested. 


near  differ- 
n  appear  i n 
dependent  var- 


2.  THERMODYNAMICS  Or  i HE  FLOW 

ms  additional  relationships  required  for  solution  of  the  governing 
equations  are  obtained  by  consideration  of  the  theraodyttfiMl  c  properties 
of  the  fluid.  The  fluid  is  assumed  to  be  produced  by  the  combustion  of 
an  oxidizer  and  a  fuel  stress,  each  of  which  enters  the  eesruster  with 
unifora  exposition  and  stagnation  enthalpy.  In  this  case  the  stagnation 
enthalpy  is  a  single  valued  function  of  the  oxidizer  to  fuel  ratio  (the 
stagnation  enthalpy  of  the  Individual  streams  includes  the  heat  of  forma¬ 
tion).  Generally  spatial  variations  of  the  oxidizer  to  fuel  ratio  are 
present  within  the  combustion  chamber  and  thus  corresponding  variations 
in  the  composition  and  stagnation  enthalpy  of  the  combustion  products 
will  rasult.  As  a  result  of  the  inviseid  and  strictly  adiabatic  assump¬ 
tions,  the  atonic  cespesitien  and  stagnation  enthalpy  are  constant  along 
streamli nes  so  that 


( sH/bx- )  c  0  (13) 

1  f 

2 

where  H  =  h  *  c \  jt  (see  Appendix  C). 

In  the  general  cast,  particularly  in  scrernsjet  systems,  the  stagna¬ 
tion  pressure  after  ee&ustion  will  have  spatial  variations  due  to  vari¬ 
ations  in  pressure  and  velocity  of  the  individual  streams  entering  the 
combustor  end  in  the  local  oxidizer  to  fuel  ratio.  However,  in  the  ab¬ 
sence  of  discontinuous  property  variations  the  stagnation  pressure  can 
also  be  shown,  see  Appendix  C,  to  be  constant  along  the  streamlines  of 
the  flow,  i  .a. , 


u jfaP/axj) 


(14) 


The  existence  of  shock  waves  within  the  flow  has  been  illicitly 
excluded  in  the  flew  model  as  a  result  of  the  assumption  of  continuous 
property  variations.  When  shock  waves  are  included,  Eq.  (13)  for  con¬ 
servation  of  stagnation  enthalpy  remains  valid  throughout  the  flew;  how¬ 
ever.  stagnation  pressure  is  not  conserved  and  the  shock  inust  be  treated 
as  a  discontinuity  surface  across  which  the  R^kine-Hugonlot  conditions 


appiy 


The  eeabustion  products  produced  by  combustion  of  uniform  oxidizer 
and  fuel  Strsess  fens  a  slsple  sy%tm  ir  the  stagnation  state.  Thus 
specification  of  arty  two  thensod>?*esic  prepare  las  is  sufficient  to  de¬ 
fine  the  stagnation  state.  The  stagnation  enthalpy  and  stagnation  pres¬ 
sure  are  the  sost  convenient  choices  for  independent  variables  to  define 
the  stagnation  state.  Since  both  of  these  properties  ere  constant  along 
streamlines  of  the  continuous  property  flow,  the  refining  properties 
are  one-disenslonal  functions  and  are  uniquely  determined  by  specifica¬ 
tion  of  the  local  pressure.  Thus  the  global  variation  of  density  and 
the  speed  of  sound  can  be  functionally  expressed  in  terss  of  the  pressure, 
stagnation  pressure  and  stagnation  enthalpy,  (see  Appendix  C),  i.e.. 


and 


a(p,p,H) 


(16^ 


For  a  thermally  and  calerictlly  perfect  gas  the  relations  for  the  density 
and  speed  of  sound  are  analytic  functions.  For  sal tl consonant  sy3tsas, 
hiving  either  frozen  or  equilibria  cbesicai  composition  with  real  gas 
effects,  the  density  and  speed  of  sound  ms t  os  obtained  from  therso- 
chemical  calculations.  In  tMs  case  the  relations,  £es.  (15)  and  (15). 
are  usually  obtained  as  tabular  functions. 

The  gas  dyn^ric  oodrsl  consists  of  the  equations  for  conservation  of 
siss  and  Eq.  (12),  the  equations  for  conservation  of  the  stag- 

nati on  pressure  and  enthalpy,  tqs.  (13)  and  H4),  and  the  functional  re¬ 
lations  for  the  density  and  speed  ef  sound,  Eos,  (15)  and  =16),  The  dif¬ 
ferential  equations  for®  a  exists  system  of  first-order,  quasi -linear, 
partial  differential  equations. 


err-??**.-  t?t 

VWV  (  *  V*f=  i  i  m 


CHARACTERISTIC  RELATIOKE 


1 .  general 

The  governing  equations  for  the  steady  flow  of  an  Ideal  compressible 
fluid  in  three  dimensions  constitute  a  system  of  quasi -1  inter,  first- 
order f  partial  differential  equations.  When  the  flow  velocity  exceeds 
the  local  velocity  of  sound  the  equations  are  classed  as  hyperbolic  and 
within  the  solution  space  surfaces  exist  on  which  the  system  reduces  to 
»r«  interior  operator.  These  surfaces  are  called  characteristic  surfaces 
end  they  have  great  significance  with  respect  to  determining  the  condi¬ 
tions  "or  a  well  posed  probl es  end  devising  numerical  methods  for  solu¬ 
tion.  Iff*  theory  of  such  systes  ar-d  the  conditions  for  a  well  posed 
presses  er*  discussed  In  greater  detail  in  Appendix  A 

In  Appendix  D  it  is  shown  that  two  infinite  families  of  character¬ 


istic  surfaces  exist  for  three-dimensional  supersonic  flow;  these  are 
the  stress  surfaces  and  the  wave  surfaces.  The  family  of  stream  surfaces 
consists  of  all  surfaces  sade  up  of  streamlines  of  the  flew.  The  wave 
surfaces  consist  of  all  surfaces  tangent  to  the  local  Ksch  conoid.  The 


system  of  equations  reduces  to  an  interior  operator  on  each  su**fsce  of 
both  families  of  characteristic  surfaces  (i.e.,  a  linear  combination  of 
the  equations  car  be  found  which  involves  only  directions  of  differentia¬ 
tion  which  lie  within  the  surface).  The  linear  cessinationt  of  the  equa¬ 
tions  which  have  the  characteristic  property  are  called  compatibility 
relations.  Data  cannot  be  arbitrarily  specified  on  characteristic  sur¬ 


faces  since  the  compatibility  relation  wist  be  satisfied. 

The  original  systas  of  equations  can  be  replaced  by  an  equivalent 


sysvem  of  independent  cc^5>a  tab  1 1 1  ty  rel  at  ions .  For  systas  having  two 
independent  variables  a  unique  systsi  of  compatibility  relations  is  ob¬ 
tained.  n^ever t  with  thr-ee  independent  variables  not  only  is  the  system 
not  unique ,  but  an  infinite  variety  of  possible  choices  exist,  see 


Appendix  0.  Thus  many  different,  but  theoretically  equivalent,  systems 
of  compatibility  relations  have  been  proposed  and  used  as  the  basis  for 
numerical  schemes.  Normally  all  such  schemes  are  termed  “method  of 
charscteristics“  schemes. 

The  metrical  sch^e  which  is  developed  in  t  later  section  uses 
certain  of  these  compatibility  relations  as  well  as  one  nor.characteristie 
relation. 

2.  CHARACTERISTIC  SURFACES 

The  characteristic  equation  fcr  the  system  of  equations  for  three- 
dimensional  flow,  Eq.  (D— 4)  of  Appendix  0,  Is 

p3(uj(nfe)4tu1u^  -  5% Jn^n.  ~  0  0?) 

where  is  the  unit  normal  vector  to  a  characteristic  surface.  Mote 
that  the  characteristic  equation  has  the  same  general  form  as  was  assi^ed 
in  tee  development  cf  the  general  mserical  scheme  In  Appendix  B,  i.e., 
a  repeated  linear  factor  tlass  a  quadratic  factor. 

The  characteristic  equation  is  satisfied  if  either  of  the  factors 
vanish.  The  first  factor  yields  the  family  of  stress  surfaces  while  the 
quadratic  factor  yields  the  fairfly  of  surfaces  which  touch  a  quadratic 
cor??  the  wave  surfaces.  The  equation  of  the  envelope  formed  by  the  wave 
surfaces  is  obtained  by  inversion  cf  the  quadratic  factor,  see  Appendix 
A,  to  obtain  the  reciprocal  conoid 

^  A 

[u^.  -  (q‘  -  a^)61j]dx.jdXj  =  0  (18) 

Note  that  the  surface  is  real  only  if  ths  quantity  {q2  -  a2)  is  positive, 
I.e.,  q  >  a.  Equation  (18}  is  the  equation  for  the  ttsch  conoid  of  super¬ 
sonic  flows.  The  relation  between  the  two  families  of  characteristic 
surfaces,  i.e.,  the  stream  surfaces  and  the  wave  surfaces,  Is  illustrated 
in  Figure  5. 
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C£^FATI3ILITY  RELATfDHS 

The  general  numerical  method  developed  in  Appendix  B  utilizes 
certain  of  the  stream  surface  compatibility  relations  and  the  wave  sur¬ 
face  compatiDility  relation  for  system  of  equations  having  more  than 
three  dependent  variables.  Three  stream  surface  compatibility  relations 
sre  required  in  the  numerical  scheme.  The  independent  relations  of  in¬ 
terest  ere  (see  Eqs,  (D-11),  (D-12)  and  (0-13)  of  Appendix  D) 


(aP/ax^ )  s  o 

09) 

U^(3H/3X^)  *  0 

(20) 

(auj/axj)  ♦  tij(ap/axf)  ■  0 

(21) 

Equations  (19)  and  (20)  are  identical  to  the  corresponding  equations  of 
the  original  system.  This  is  a  result  of  the  fact  that  these  equations 
have  the  characteristic  property  in  their  original  form  (i.e.,  different¬ 
iation  in  a  space  of  lower  dimension,  a  line  in  this  case).  The  last 
equation,  Eq.  (21),  is  the  differential  form  of  Bernoulli's  equation. 

The  single  wave  surface  compatibility  relation  which  exists  for  a 
particular  wave  surface  designated  by  the  unit  normal  (see  Appendix 
D,  Eq.  (0-15))  is 

(u1  -  an^fsp/sx^  +  pa(a6^  -  n^Ks^/sx^}  »  0  (22) 

The  characteristic  compatibility  relations,  Eqs.  (19),  (20).  (21) 
and  (22),  along  with  one  independent  neneharacterlstlc  relation,  corres¬ 
ponding  to  Eq.  (B-39)  of  Appendix  B,  fora  the  basis  for  the  numerical 
scheme. 
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SECTION  2¥ 


SECOMD-SSSER  INTEGRATION  SCHS€ 


1 .  GENERAL 


In  the  spoil  eat  left  of  the  ssgihqd  of  ehgracisH  sties  to  two-dl  signs  ion- 
al  hyperbolic  problsss,  sses&d-pFder  accuracy  can  be  easily  achieved  by 
the  use  ef  any  explicit  second-order  iategret ien  scheme,  such  as  the 
modlf.ed  Euler  s zh&m.  This  is  possible  because  tha  characteristic  com¬ 
patibility  equations  level vt  directional  differentiation  in  a  space  of 
one  lewsr  dissension  a  lifts),  Thsrefore5  the  compatibility  rela¬ 

tions  can  be  expressed  in  tarss  of  al recti anal  differentials  along  this 
single  direction  such  that  the  coefficients  sf  the  derivatives  are  func¬ 
tions  only  of  th§  dependent  variables. 

In  three-dlmsnsiengl  erofclsss  the  situation  is  sare  c-^plica ted. 

Sees  of  the  compatibility  relations  contain  twa  independent  directions 
of  directional  differentiation*  Thus  when  the  reospailbiilty  equations 
*re  bitten  in  terms  ef  directional  differentials  along  one  ef  the  char¬ 
acteristic  directions,  soss  of  the  coefficients  will  Invariably  contain 
derivatives  of  the  deptndsn t  variables.  Second-order  predictor-corrector 
type  integrations  sobers,  such  ss  the  modified  Euler  schemas,  require 


evaluation  of  the  coefficients  at  the  solution  point  in  terms  of  the 
predicted  values  for  the  dgpenoent  variables.  Generally  the  derivatives 
are  not  known  at  tbs  solution  point  and  thus  the  coefficients  cannot  be 
evaluated.  All  previous  integration  schtmes  which  have  been  developed 
for  three -d  1  mans  1  ona  1  steady,  supersonic  flew  have  slssplv  not  evaluated 
the  terns  containing  derivatives,  and  thus  the  local  truncation  error  is 


less  than  third  order  in  the  step  size. 

Sutler  (12)  has  developed  a  general  method  for  achieving  second- 
order  accuracy  in  the  integration  of  hyperbclie  systems  of  equations  in 
three  Independent  varies *S5.  Elliott (39)  and  Richardson  (40)  have  applied 


the  .method  to  two-dimensional  unsteady  flew. 


In  the  present  research 


26 


the  general  method  of  Butler,  with  certain  modifications-,  is  spoiled  tc 
the  equations  for  steady  supersonic  flew  In  three  dimensions. 

In  general ,  the  scheme  consists  of  selecting  the  number  snd  orienta¬ 
tion  of  the  bl characteristic  compatibility  equations  in  such  a  way  that 
the  terns  containing  derivatives  at  the  unknown  point  appear  in  two  dis¬ 
tinct  groupings  which  are  ccomon  to  all  the  equations.  The  tm  ecwss m 
terms,  evalu  *d  at  the  unknown  point,  are  treated  as  additions!  unknowns 
and  sufficient  independent  differential  relations  are  found  to  enable 
evaluation,  or  equivalently,  algebraic  elimination  of  these  terms.  The 
two  additional  differential  relations  arc  an  additional  bi characteristic 
esmpatibili t.y  relation  and  an  Independent  noncharacteristic  relation  which 
is  applied  along  the  streamline  direction. 

2.  PARAMETERIZATION  OF  THE  CHARACTERISTIC  SURFACE  ENVELOPES 

In  the  numerical  scheis  it  is  convenient  to  use  a  parametric  repre¬ 
sentation  for  the  bicharacteristic  elements  of  the  Kech  conoid  and  the 
streamline,  (i.e.,  the  elements  of  the  wave  and  stream  characteristic 
surface  envelopes).  A  differential  element  of  a  conoid  can  be  represented 
by  the  parametric  equations 

dXj  3  Ijdt,  (1=1,2,  3)  (22) 

where  1 ^  Isa  vector  tangent  to  an  element  of  the  cone  and  t  is  a  peram- 
etar  proportional  to  length  along  the  slwmsnt,  see  Figure  6. 

The  Mach  conoid  (i.e,,  the  wave  surface  envelope)  is  locally  a  right 
circular  cone  whose  axis  Is  the  flow  velocity  vector.  Thus  the  tangent 
vector  to  an  element,  1^,  can  be  represented  as  the  sum  o*  the  flow  veloc¬ 
ity  vector,  u.| ,  and  a  velocity  of  divergence,  c,  of  the  conical  surface 
In  a  plane  normal  to  the  velocity  vector,  see  Figure  6.  A  plans  normal 
to  the  velocity  vector  is  defined  by  two  orthogonal  unit  vectors  ^  and 
8^  which  are  mutually  orthogonal  to  the  velocity  vectc-r;  u^.  An  arbitrary 
varsor  in  this  plane,  ,  is  given  by 

*  access  "  SiSine  (24) 

where  8  Is  an  angular  parameter  measured  from  the  direction  and  has 

i 


the  range  0  <  s  <  2?.  The  velocity  of  divergence,  relative  to  the  flow 
velocity,  of  the  conical  surface  along  the  direction  r^  is 


c  « 


_  9  *»  o 

[a“qV(q2 


r)]1/2 


(25) 


where  q  is  the  magnitude  of  the  flow  velocity  and  a  Is  the  local  speed 
of  sound.  The  tangent  vector  of  an  element,  1^,  corresponding  to  the 
direction  of  r^  has  the  seas  direction  as  the  vector  obtained  by  s issuing 
the  velocity  vector  and  the  velocity  of  divergence  vector  cr^.  Thus 
the  unnorealized  tangent  vector  is 

1 ^  *  u^  +  caboose  +  cs^slne  (26) 


The  parametric  equations  for  a  differential  hi  characteristic  el  assent  of 
the  Hach  cone  are  thus 


dxi  =  (u^  +  c^coss  +  cs^sinejdt,  (i  *  1,  2,  d)  (27) 


where  the  parameter  t  has  the  dimension  of  time  and  is  proportional  to 
length  along  the  bi characteristic. 

A  differential  element  of  the  streamline  (i.e.,  the  stream  surface 
envelope  and  bi characteristic)  is  represented  parametrically  by  Eq.  (27) 
1*  the  velocity  of  divergence,  c,  is  set  equal  to  zero,  thus 


*  y„.  dt , 


1 ,  2,  3) 


(28) 


Here  the  parameter  t  corresponds  to  the  time  of  travel  of  a  fluid  particle 
along  a  streamline. 

The  form  of  the  parametric  equations  for  the  wave  surface  bi character¬ 
istics,  Eq.  ^27),  are  the  seme  as  those  proposed  by  Butler  (12)  except 
that  here  the  remaining  degree  of  freedom  In  the  choice  of  the  reference 
vectors  a,,  and  s,-  is  used  in  such  a  way  that  a  bi  characteristic  curve  is 
obtained  for  a  constant  value  of  s,  see  Figure  5.  Butler  on  the  other 
hand  held  the  and  e*  reference  fixed  and  allowed  e  to  vary  along  a 
bi characteristic,  me  choice  of  reference  used  herein  results  in  a 
significant  simplificati >n  of  the  final  numerical  scheme. 


The  choice  of  the  vectors  u^»  c*^  and  cs^  as  the  !>*sis  for  tKe 
parameterization  of  the  Mach  coneld  also  satisfies  the  quadric  equation 
for  the  conoid,  Eq.  (18).  The  conditions  which  are  necessary  for  the 
quadric  equation  to  be  satisfied  correspond  to  the  general  conditions, 
Eqs.  (B-7)  and  (8-8)  of  Appendix  B,  and  for  the  Mach  conoid  take  the 
tors 

^  A  A  A  A 

-  [u^u,  -  (q“  -  a  s  c  C^u,  -  (q“  - 

*  -  (q^  -  e2)61j]g1sj  (29) 
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siiU 

cC“iuj  -  (i2  -  =  c[uiuj  • •  sZ,<ijJ"isj 

-  (q2  -  a'^yls^Sj  a  0  (SO) 


These  conditions  are  satisfied  for  the  erthonormal  choice  for  u,/q, 
and  6^.  Thus  the  parametric  equations  for  the  wave  surface  bi character¬ 
istics,  Eq.  (27),  satisfy  all  requir^gnts  at  a  point.  However,  if  the 
par  citric  equation  is  integrated  so  as  to  trace  out  a  bi character! Stic, 
then  the  reference  vector  set  ®ist  be  determined  such  that  the  ns  re 
fundamental  definition  of  a  bi characteristic  is  satisfied,  i.e.,  the 
curve  is  a  line  of  contact  between  the  characteristic  surface  and  the 
conoid.  This  condition  yields  the  relation  (see  Eq.  i'E-1)  of  Appendix 
E) 

[iijUj  -  (q2  -  a2)c^.](u1  +  cheese  ♦  c^sineKsxj/ss)  *  0  (31) 

which  Is  used  to  fix  the  resaining  degree  of  freedom  1r  the  choice  of 
the  reference  vectors  and  s^.  A  numerically  useful  fora  of  this  re¬ 
lation  is  developed  in  Appendix  E. 


3.  SYSTEM  OF  DIFFERENCE  EQUATIONS 


The  syst m  of  differential  equations,  which 
te  difference  integration  scheme ,  consist  of 
applied  a’ one  four  particular 


is  the  basis  of 
the  wave  surface 
bicharacteristi 


ew¬ 

es, 


patibility  relation 


three  of  the  stress  surface  compatibility  relations  and  the  one  non- 
characteristic  relation  applied  along  the  streamline.  The  systess  of 
difference  equations  is  obtained  by  first  writing  the  differential  rela¬ 
tions  in  term  of  directional  differentia's  along  the  particular  direc¬ 
tions  to  which  they  apply.  These  directional  differentials  ere  subse¬ 
quently  replaced  by  first-difference  operators . 

The  were  surface  cc^atibility  relation*  Eq.  {22}*  can  be  expressed 
in  terns  of  the  paresste’-s  of  the  bi characteristic  parameterization  by 
developing  an  expression  for  the  wave  surface  normal  which  appears  in 
Es.  (22).  The  unit  rcres!  to  the  wave  surf  see  expressed  in  term  of 
the  parses  ters  of  the  wave  surface  bi characteristic  parameterization  is 
(see  Appendix  E,  Eq,  (E-ll') 
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Wien  this  expression  is  used  for  the  cospon^nts  of  the  normal  in  terms 
of  the  parameter  s,  the  wave  uurface  compatibility  equation,  Eq.  {22}, 
becomes 


d^>  +  ?c {access  +  Basina)  ■ 

-  ec^(a£lnd  -  s.c0ss}{a,sins  -  sico5S}(5v^/ax^}dt 
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where  the  operator  d-  denotes  a  differential  along  the  wave  surface  bi 
characteristic  direction. 


Tr.a  stream  surface  compatibility  relations  which  are  used 


■?- 


the 


mserieal  scheme,  Eos.  {IS},  (20)  and  (21),  are  not  affected  by  the  bi- 
characterlstlc  parameterization,  and  in  term  of  the  notation  for  the 
directional  differential  operator  are 


E 


(34) 


and 


r„/?! 

■  v;  *-  i 


(35) 


AS 


r  demotes  the  stream- 


wnere  the  subscript  u  on  t he  differential  ogerato 
line  direction  (i.e,.  the  stress  surface  bi characteristic  direction). 

The  one  non-characteristic  differential  relation  which  is  used  in 
the  miseries!  s chess ,  that  corresponds  to  F.c .  ( B— 41 }  ot  the  c-eneral 
nussrica!  esthob  developed  In  Appendix  8,  is  obtained  in  taras  of  the 
pargssters  of  the  bi character!  si  1 c  pa  rasterization  by  c@t>arison  of 
the  general  nonch  a  r a  c ia ri s  t i c  relation  with  the  general  wave  surface 
compatibility  relation,  Eos.  (8-41)  and  (8-40}  respectively 


efficients  of  these  two  equations  are  related  by  Eos.  (8-2?) 
(8-29).  Evaluation  of  the  coefficients  by  inspection  yields 


d-p  =  -  o 
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4.  DIFFERENCE  HETHDRK 

The  local  difference  network  consists  of  the  streamline  segment  end 
the  four  wave  surface  b-i  characteristic  selects,  see  Figure  7.  The  bi- 
charactsri sties  are  selected  in  such  ?.  way  that  the  tens  in  *ha  com¬ 
patibility  equation,  Eq.  ^32),  *nd  the  noncharacteristic  relation,  Eq. 
(56),  vhich  contain  partial  derivatives  at  the  unknown  point,  can  be 
evaluated.  Hete  that  for  values  of  e  equal  to  multiples  of  */2,  the 
terns  which  contain  partial  derivatives  in  the  wave  surface  cossatibility 
relation  are  of  the  s$ss  for®  as  those  which  appear  in  the  noncharacter- 
1st*c  relation,  to*  (^) ,  (i.e.,  tvo  scaiar  tens  s^a^Cau^/ax^)  and 
BjSi(sui/gx.}) ,  Thus,  all  the  individual  derivatives  do  not  have  to  be 


evaluated,  only  these  two  sianed  quantities. 

The  systess  of  differentia!  relations  for  5  -  0,  t/2,  *  and  3-7/2  are 
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FIGURE  7  INTERIOR  POINT  COMPUTATIONAL  SCHEME 
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where  the  subscripts  L,  i,  and  t£  denote  the  bieharacterlstic  direc¬ 
tions  corresponding  to  values  for  s  of  0,  t/2,  t  and  3r/2. 

The  modified  Euler  predi cter-ccrrectcr  integration  scheme  in  shlch 
aHttaetic  averages  of  the  coefficients  *-f  the  differentials  are  used 
between  the  points  of  the  network  can  now  be  used  to  obtain  a  system  of 
difference  equations  correct  to  second  order  in  the  step  sire,  see  Appen¬ 
dix  £,  since  all  the  coefficients  of  the  differentials  cm  be  evaluated 
at  the  unknown  point. 

The  difference  network  consisting  of  the  four  wave  surface  bi char¬ 
acteristic  s eg^nts  and  the  streamline  is  constructed  by  rears  of  the 
parasstric  differential  relations,  Eos.  (27)  and  (28)  respectively.  The 
approx irate  integrals  of  these  relations  are  also  obtained  using  the 
eodifiod  Euler  ?  chest.  The  numerical  process  begins  from  point  (5),  the 
streamline  intersection  with  the  initial-value  surface,  see  Figure  8* 
which  is  essssed  to  be  a  k sewn  point  and  is  held  fixed.  The  point  of 
intersection  of  the  stra^lins  passing  through  point  (5)  with  the  solu¬ 
tion  surface  is  first  found  using  the  streamline  parametric  equations, 

Eq.  (28),  The  spatial  location  of  the  solution  surface  is  assuaed  fixed 
and  the  three  pa  raw  trie  equations  are  used  to  solve  for  two  coordinates 
on  the  surface  and  the  pa  raster  t  along  the  stressline. 

Before  the  intersections  of  the  four  wave  surface  bi characteristics 
it  is  necessary  to  fix  the  resaining  degree  of  freed®  in 


iourta. 


specification  of  the  reference  vectors  s,  c«d  $t  at  point  (6),  An 


1  V  : 


■srv  selection  for  the  orientation  of  one  of  the  vectors  would  N 


FIGURE  8.  METHOD  FOR  ESTABLISHING  REFERENCE 

VECTORS 


satisfactory.  However,  in  the  course  of  numerical  studies  it  was  found 
that  s Mghtly  better  accuracy  and  more  consistent  results  were  obtained 
by  selecting  the  plane  formed  by  tie  pressure  gradient  and  the  velocity 
a*  a  reference.  Ir.  this  scheme  the  vectors  and  were  positioned 
3uch  that  the  network  straddled  the  reference  plane,  set  Figure  8.  Since 
the  pressure  gradient  at;  point  (6)  cannot  be  determined  until  an  entire 
solution  surface  has  been  generated,  the  press  —e  gradient  at  point  (5) 
is  used  to  establish  the  refererca  plane.  The  four  Intersections  with 
the  Initial- value  surface  of  the  wave  surface  bicharacteristics  corres¬ 
ponding  to  8  s  Q,  ir/2 ,  is  and  3v2  are  next  found  using  the  parametric 
equations  for  the  bi  character- is  tics,  Eq.  (27).  In  each  case  the  inter¬ 
section  is  known  to  lie  on  the  Initial-value  surface.  The  three  param¬ 
etric  equations  are  then  used  to  solve  for  the  two  coordinates  of  Inter¬ 
section  on  the  surface  and  the  value  of  the  parameter  t. 

Once  points  (1)  through  (4)  are  located  in  this  way,  the  values  of 
the  dependent  varlab'^s  at  these  intersections  are  found  by  interpola¬ 
tion.  For  this  purpose  second-order  polynomials  are  fit  locally  to  nine 
neighboring  points  by  the  method  of  least  squares  (see  Appendix  F). 

These  nine  points  consist  of  the  central  point,  point  (5).  and  the  eight 
nearest  surrou,  ding  points  in  the  initial-value  surface.  Note  that  the 
values  of  the  dependent  veHables  are  known  at  point  (5  and  t  ,  inter¬ 
polation  is  not  necessarily  required  for  these  values.  However,  for 
reasons  of  numerical  stability  it  was  found  necessary  to  use  interpolated 
values  at  point  (5)  for  the  three  velocity  components  and  the  pressure. 

The  reference  vectors  and  at  point*  (1)  through  (4)  also  are 

required  in  the  difference  equations  and  thus  must  be  established  rela¬ 
tive  vo  the  selected  reference  at  poim  (6).  The  single  degree  of  free¬ 
dom  is  established  to  sufficient  accuracy  by  means  of  a  finite  differ¬ 
ence  form  of  the  tangency  condition,  Eq.  (31)  (see  Appendix  E). 


5.  ITERATION  SCHEME 


The  modified  Euler  integration  scheme  is  a  predictor-corrector  type 


,n*7*iTw  tu  nmvn  wise 
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(i.e.,  the  coefficients  of  the  difference  equations  are  evaluated  at  the 
Initial-value  surface).  This  approximate  solution  is  then  used  to  evalu¬ 
ate  the  coefficients  of  the  difference  equations  ti.  the  unknown  point 


3g 


and  arithmetic  averages  of  the  differer  equation  coefficients  are  sub¬ 
sequently  used  to  obtain  corrected  values  for  the  dependent  variables 
at  point  (6).  This  process  is  repeated  until  successively  obtained 
values  agree  to  a  tolerance  consistent  with  the  truncation  error.  This 
technique  yields  a  solution  in  which  the  local  truncation  error  is  third 
order  in  step  size. 


SECTION  V 


OVERALL  NUMERICAL  ALGORITHM 


1 .  GENERAL 

The  global  solution  for  a  particular*  set  of  initial  conditions  and 
boundary  conditions  is  obtained  by  an  algorithm  in  which  the  unit  inte¬ 
gration  process  is  applied  repetitively.  The  scheme  consists  of  integra¬ 
tion  along  a  system  of  streamlines  throughout  the  flow.  The  particular 
streamlines  which  are  used  ire  determined  by  the  network  of  points  which 
are  chosen  at  the  ini  till -value  sur'ace.  These  points  are  chosen  such 
that  a  uniform  distri butler,  across  the  flow  and  on  the  boundaries  is 
obtained. 

The  Initial -value  surface  is  assured  to  be  a  plane  normal  to  the  x-j 
coordinate  direction  and  the  integration  process  takes  place  between  a 
series  of  planes  parallel  to  the  initial-value  surface.  These  planar 
surfaces  are  assumed  to  be  everywhere  space-like  to  the  flew  (i.e.,  the 
normals  to  the  surfaces  are  everywhere  interior  to  the  local  cone  of 
normals,  see  Appendix  A).  These  assumptions  greatly  reduce  the  complexity 
of  the  numerical  calculations  while  not  seriously  restricting  the  range 
of  internal  flow  problems  which  can  be  solved  if  the  coordinate  direc¬ 
tion  is  chosen  to  coincide  with  the  mean  flow  direction.  These  assump¬ 
tions  are  discussed  in  greater  detail  in  Appendix  G. 

As  each  solution  surface  is  completed,  a  six  component  thrust  In¬ 
tegration  and  mass  flow  integration  are  performed.  The  mass  flow  inte¬ 
gration  provides  some  indication  of  the  accuracy  of  the  overall  process 
since  the  total  mass  flow  should  remain  constant  from  one  solution  sur¬ 
face  to  another. 

2,  INITIAL-VALUE  SURFACE 

The  values  of  the  six  dependent  variables,  u-j,  u^,  u^,  P,  P  and  H, 
are  assumed  to  be  specified  by  continuous  functions  on  the  initial -value 


surface  such  that  values  may  be  obtained  at  any  arbitrary  point  on  the 
surface.  If  the  initial  values  are  only  known  at  a  set  of  points,  then 
continuous  data  must  be  generated  by  interpolation. 

A  unique  scheme  was  devised  for  selecting  the  points  on  the  initial- 
value  surface  to  be  used  In  the  integration  process.  This  scheme  not 
only  produces  a  uniform  array  of  points  in  the  physical  space,  but  also 
has  the  very  useful  property  that  the  points  can  be  ordered  in  a  square 
logical  array.  The  logical  array  has  the  properties  that  the  neighbors 
of  a  point  in  the  logical  array  are.  to  a  close  approximation,  the 
neighbors  in  the  physical  space  and  in  addition  that  the  points  on  the 
perimeter  of  the  logical  array  are  boundary  points  in  the  physical  space. 
These  properties  are  used  in  the  selection  of  points  for  local  interpola¬ 
tion  and  In  the  logic  for  computer  programming.  The  scheme  is  explained 
for  both  circular  and  noncircular  cross  sections  in  Appendix  G. 

The  initial -value  surface  must  adjoin  the  boundaries  and  the  initial 
data  must  satisfy  the  boundary  conditions  at  the  comaon  points.  In  addi¬ 
tion,  if  the  flow  geometry  is  assumed  to  have  one  or  more  planes  of  sym¬ 
metry  then  the  initial -value  surface  and  data  must  -Iso  be  symmetric 
about  these  same  planes. 


3.  BOUNDARY  CONDITIONS 


The  general  character  of  the  solution  is  governed  by  the  boundary 
conditions  as  well  as  by  the  initial  data.  The  boundary  conditions  are 
constraints  on  the  solution  which  are  specified  over  time-like  surfaces 
which  adjoin  the  initial-value  surface  (i.e.,  the  normal  to  the  surface 
is  everywhere  exterior  to  the  cone  of  normals,  see  Appendix  A).  Boundary 
conditions  which  occur  in  supersonic  flew  problems  are;  physical  boun¬ 
daries,  planes  of  symmetry,  constant  pressure  surfaces  and  shock  waves. 
Except  for  shock  waves  the  boundary  surfaces  are  stream  surfaces  of  the 
flow  and  the  interior  point  integration  scheme  is  easily  modified  by  re¬ 
placing  one  of  the  wave  surface  bi characteristic  compatibility  relations 
with  the  boundary  condition.  These  modifications  are  discussed  in  Appen¬ 
dix  E. 

The  shock  wave  boundary  condition  consists  of  a  discontinuity  sur¬ 
face  across  which  the  Rankine-Hugeniot  conditions  apply.  The  numerical 


algorithm  required  to  include  shock  waves  is  considerably  more  complex 
due  to  the  need  to  niswrically  construct  the  shock  surface.  This  boun¬ 
dary  condition  Is  not  developed  further  herein. 

The  physical  boundary  condition  consists  of  the  requirement  that 
the  flow  be  tangent  to  the  specified  boundary,  1.e.t  the  velocity  vector 
Is  orthogonal  to  the  outer  noma!  to  the  surface.  In  addition  a  boun¬ 
dary  streamline  is  constrained  to  coincide  with  the  boundary.  The  in¬ 
terior  point  Integration  scheme  is  modified  by  replacing  one  of  the  wave 
surface  bl characteristic  compatibility  conditions  with  the  tangency  con¬ 
dition,  i.e., 

®  0  (45) 

where  the  are  the  velocity  components  and  n^  the  components  of  the 
outer  normal  to  the  surface.  In  addition  the  remaining  three  wave  sur¬ 
face  bid ^racteri sties  are  oriented  such  that  the  ones  corresponding  to 
e  »  0  and  *  are  contained  in  the  tangent  plane  to  the  surface  and  the 
one  corresponding  to  e  a  t/Z  is  interior  to  the  now.  Similar  modifi¬ 
cations  to  the  basic  scheme  must  be  made  for  the  constant  pressure  boun¬ 
dary,  except  that  the  fourth  wave  surface  bi characteristic  compatibility 
condition  is  replaced  by  the  condition  that  the  pressure  is  known.  The 
final  numerical  algorithm  developed  In  this  research  does  not  include 
this  boundary  condition.  These  modifications  are  further  discussed  in 
Appendix  E. 

The  plane  of  symnetry  boundary  condition  is  most  easily  incorporated 
into  the  basic  scheme  by  use  of  re f1 action  principles  to  produce  image 
points,  see  Appendix  G.  The  basic  interior  point  and  physical  boundary 
point  scheme  can  then  be  used  without  modifi cation.  This  technique  has 
been  used  with  complete  success  in  the  numerical  algorithm  produced  in 
the  course  of  this  research. 

4.  INTEGRATION  STEP  REGULATION 

The  distance  between  successive  solution  surfaces  must  be  regulated 
such  tnat  the  Courant-Friedrichs-Lewy  (CFL)  stability  criterion  is  satis¬ 
fied  at  all  points  of  the  network.  The  permitted  step  size  is  a  function 


of  the  local  flow  parameters  and  point  spacing.  This  relation  is  devel 
oped  in  Appendix  G  and  is 
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where  q  is  the  magnitude  of  the  velocity*  c  If-  defined  by  the  relation 

c  *  [q2a 2/{q2  -  a2)]1/2  (47) 

and  Rffl^  is  the  distance  from  the  streaaline  intersection  with  the 
initial-value  surface  to  the  nearest  point  on  the  convex  hull  of  the 
points  used  in  the  difference  schema,  see  Appendix  S.  Equation  (45)  is 
used  to  calculate  the  step  size  at  each  point  of  the  network*  and  the 
point  which  is  mast  restrictive  is  taken  as  the  point  which  governs  the 
integration  step.  As  the  integration  proceeds  the  governing  point  is 
established  on  each  new  solution  surface.  In  practice  the  step  size  is 
calculated  after  the  integration  has  taken  place,  so  that  extrapolation 
of  the  permitted  step  is  used  with  a  safety  factor,  which  is  varied  ac¬ 
cording  to  whether  the  extrapolation  is  too  conservative  or  overly  opti¬ 
mistic. 


5.  OVERALL  ALGORITHM 

The  overall  integration  process  is  illustrated  in  Figure  9.  A 
typical  point  network  for  the  initial- value  surface  is  shown  and  the 
boundary  conditions  for  a  physical  boundary  and  a  plane  of  synfsetry  are 
illustrated.  The  algoritha  has  been  progressed  for  both  the  IBM  7094 
and  CDC  6500  computers  using  the  Fortran  IV  language.  The  program  has 
been  used  for  a  variety  of  accuracy  tests  and  for  computation  of  fully 
thre-e-disiRsional  nozzle  flows. 
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FIGURE  9.  OVERALL  NUMERICAL  ALGORITHM 


The  possibility  of  numerical  instability  is  an  ever  present  danger 
in  any  numerical  scheme  for  solution  of  hyperbolic  partial  differential 
equations.  Whether  or  not  a  scheme  is  stable  is  solely  a  function  of 
the  numerical  scheme  and  does  not  depend  upon  the  differential  system 


that  it  approximates.  Unfortunately,  necessary  and  sufficient  criteria 
for  stabilit>  exist  only  for  the  case  of  linear  equations  and  analytic 
initial  data.  However,  although  no  formal  proof  exists,  experience  has 
shown  that  these  same  criteria  are  appropriate  for  nonlinear  systems 
when  applied  locally  to  the  linearized  form  of  the  equations,  Refs.  (5,6). 
This  hypothesis  is  supported  by  the  result*  of  tr.e  present  research  in 
which  the  nonlinear  scheme  was  found  to  be  stable  only  when  the  analysis 
of  the  linearized  system  indicated  stability. 

The  two  stability  criteria  which  exist  are  the  Courant-Friedrichs- 
Lewy  {CpL)  criterion  and  the  von  Neumann  condition.  The  CF>.  criterion 
is  a  necessary  condition  which  applies  to  both  linear  and  nonlinear  sys¬ 
tems  and  states  that  the  zone  of  dependence  of  the  differential  system 
must  be  embedded  within  the  convex  hull  of  the  points  in  the  Initial- 
value  surface  which  are  used  in  the  differencing  scheme.  This  condition 
ensures  that  the  speed  of  propogation  of  manerice1  disturbances ,  such  as 
round  off  error,  everywhere  exceeds  the  speed  of  propagation  of  distur¬ 
bances  in  the  differential  system  (i.a.,  the  speed  of  sound  for  compres¬ 
sible  flew).  Thus  the  manerical  disturbances  diffuse  throughout  the  net¬ 
work  and  do  not  accumulate. 


The  von  Neumann  condition  states  that  in  order  for 
to  be  stable  a  finite  limit  must  exist  for  the  ampllfic 
ier  component  of  the  initial  data.  Ref.  (5).  The  crite 
satisfied  in  order  to  ensure  this  condition  is 


a  numerical  scheme 
acion  of  any  Four- 
rion  which  must  be 


where  xA  is  the  largest  eioe'  value  of  the  amplification  matrix  for  the 
niaerical  scheme  and  0(ix^}  denotes  the  quantity  (ax^5  multiplied  by 
a  finite  constant.  When  the  von  Neisann  criterion  is  applied  to  a  schana. 
the  condition,  Eq.  (48),  is  usually  replaced  by  the  more  severe  require¬ 
ment  that 


<  1 

»F*r  v  • 


because  of  the  somewhat  arbitrary  ='iture  of  the  term  0{ax1}.  Note  that 
Eq.  {49}  Is  not  a  stronger  condition  from  the  point  of  view  of  being  suf¬ 
ficient  for  stability,  but  It  is  simply  easier  to  apply. 

In  the  numerical  scheme  trich  is  developed  herein,  the  CFL  condition 
is  used  to  regulate  the  integration  step  size  during  the  numerical  inte¬ 
gration  and  an  Integral  part  of  the  overall  algorithm.  The  von  Neu¬ 
mann  condition,  on  the  other  hand,  is  used  to  analyze  the  effect  of  var¬ 
ious  modifications  on  the  manericai  stability,  but  does  not  play  an  active 
role  in  the  actual  numerical  calculations. 

Although  the  CFl  condition  was  satisfy  by  an  original  difference 
scheme  in  which  interpolation  was  not  used  at  point  (5),  it  was  found  in 
the  course  of  development  that  this  schism  exhibited  a  neutral  stability 
characteristic.  This  result  prompted  a  more  thorough  stability  analysis 
using  the  von  Neumann  condition  for  the  basic  difference  scheme  and  sev¬ 
eral  permutations,  which  eventually  resulted  in  tne  stable  schema  in 
which  interpolation  was  used  for  the  values  of  the  velocity  components. 

,  and  the  pressure,  p*  at  point  (5).  The  details  of  the  analysis  are 
included  as  Appendix  H, 


2.  LINEAR  DIFFERENCE  EQUATIONS 

h  system  ct  linear  dlfierence  equations  * s  obtained  tree  whe  syscem 
of  nonlinear  differential  equations,  Eqs.  {37}  through  (42),  by  applica¬ 
tion  of  small  perturbation  theory  and  replacement  of  the  directional  dif¬ 
ferential  operators  by  first  difference  operators.  In  doing  this  the 
terins  containing  partial  derivatives,  in  particular  a1a,{aui/.»xi)  and 


£*S,.(3y./3x.js  are  treated  as  unknown  quantities  at  the  point  under  con- 

:  tf  *  V 

sideration.  Using  this  approach  the  resulting  six  linear  equations  are 
just  sufficient  to  evaluate  these  two  terns  is  well  as  the  four  dependent 


variables. 

The  form  of  the  two  terras  containing  derivatives  In  the  system  of 
differential  equations  is  a  direct  result  of  the  scheme  for  maintaining 
second-order  accuracy  and  the  stability  analysis  must  Include  consider¬ 
ation  of  these  terms.  If  these  terras  were  not  considered,  as  is  the 
case  In  stability  analysis  for  first-order  schemes  then  an  overdeter¬ 
mined  system  of  equations  would  result  and  either,  two  equations  would 
have  to  be  eliminated  from  consideration  or  ".he  systsn  must  be  solved  in 
a  least  squares  sense. 

The  analysis  is  simplified  if  the  terns  containing  derivatives  are 
algebraically  eliminated  to  reduce  the  system  to  four  inde-pendent  dif¬ 
ference  equations.  The  $y3ter.  thus  obtained  Is 
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where  the  bar  denotes  constant  mean  values  and  tilde  denotes  a  small  var¬ 
iation.  The  difference  operators  apply  along  the  segment  cf  the  bicher- 
acteristic  network  illustrated  in  Figure  7  and  the  subscripts  t  and  u 


denote  the  wave  surface  bi-characteristics  and  t! 


respectively  (see  Appendix  H). 


3.  APPLICATION  OF  THE  YON  NEUMANN  CONDITION 


The  analysis  for  stability  in  the  von  Neumann  sense  must  include 
consideration  of  all  the  mstsrical  operations  of  the  basic  integration 
scheme,  In  particulars  the  interpolation  process  for  data  in  the  initial- 
value  surface  must  be  included. 

It  is  assumed  that  the  analytic  solution  of  the  system  of  linear  dif¬ 
ference  equations  can  be  obtained  by  separation  of  variables*  Ref.  (5). 
Thus  the  general  tern  of  the  Fourier  representation  of  the  solution  is 


U  *  e1A'2/L  a(Xl) 
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where  0  is  the  vector  whose  elements  are  the  dependent  variables  of  the 
problem,  5{x,}  is  a  corresponding  vector  function  of  the  direction  of 
integration,  x*  and  x^  are  the  rectangular  cartesian  coordinates  of  the 
initial -value  surface,  L  is  a  characteristic  dimansion  and  M  and  N  are 
the  frequency  factors  for  an  arbitrary  component  of  the  solution. 

For  purposes  of  the  analysis,  data  on  the  Initial-value  surface  are 
assumed  to  be  known  at  the  points  of  a  uniform  rectangular  grid  in  an 
x^,  x3  plane  with  spacings  iXg  and  axj  respectively.  Thus  the  indepen¬ 
dent  variables  x^  and  x3  In  the  general  Fourier  term  are  only  permitted 
to  have  values  which  are  integral  multiples,  m  and  n,  of  the  grid  spacings, 
AXg  and  ax3.  The  values  of  the  dependent  variables  at  these  points, 
given  by  Eq.  (54),  are  thus 


,<  _  m  n  zt  v  \ 
where  c  and  n  are  defined  as  the  complex  Quantities 
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(55) 


In  the  nisnerical  scheme  the  solution  is  advanced  along  the  stream¬ 
lines  passing  through  each  of  the  points  of  the  network.  The  central 
streamline  point  and  its  eight  nearest  neighbors  are  used  for  local  in¬ 
terpolation. 

The  analysis  is  simplified,  without  loss  of  generality,  if  the 
central  point  of  the  local  mesh  is  chosen  such  that  x2(S)  =  x^(5)  3  0. 
Thus  the  nine  points  used  for  interpolation  correspond  to  values  for 
the  integers  m  *  0,  ±1  and  n  *  0,  :1.  The  second-order  bivariate  in¬ 
terpolating  polynomial  is  fit  to  these  nine  points  by  the  least  squares 
method  developed  in  Appendix  F.  The  resulting  polynomial  has  the  general 
form 
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where  the  coefficients  are  found  to  be  (see  Appendix  H) 
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(36) 


Ag  =  [-  (1/3) (i;  +  c  ^  +  1 ) (n  +  n  ^  +  1 ) 

+  (1/2) { ^  ^  +  l)(n  ■*  n 

The  dependent  variables  at  the  Intersections  of  the  four  wave  sur¬ 
face  bicharacteristics  with  the  Initial- value  surface  must  be  evaluated 
by  means  of  Eq.  (60)  since  these  Intersections  do  not  generally  corres¬ 
pond  to  points  of  the  Initial -value  surface  network.  Even  though  the 
streamline  Intersection  coincides  with  e  network  point,  and  thus  Inter¬ 
polation  Is  not  necessarily  required.  It  was  found  that  Interpolation 
had  a  significant  effect  on  stability. 

The  system  of  difference  equations,  Eqs.  (BO)  through  (53),  con¬ 
stitute  a  recursion  relation  for  the  values  of  the  dependent  variables 
at  point  (6)  in  terms  of  values  in  the  initial-value  surface.  For  the 
case  x2(5)  =  x3(5)  =  0  and  the  Interpolating  polynomial ,  Eq.  (60),  is 
used  to  determine  the  values  of  the  dependent  variables  at  the  points  in 
the  Initial-value  surface,  the  recursion  relation  has  the  following  form 


U[x«|  (5)  +  axj3  b  «[xj(5)  4-  axj]  E  A  itx1C5)3  (67) 

In  which  A  is  called  the  amplification  matrix.  Here  A  is  a  fourth-order 
matrix  in  which  the  nonzero  coefficients  are 

An  =  f(5)  (68) 

A12  -  (l/2)[f(3)  -  f(l)](c/u1 )  (69) 

A13  =  (l/?>(f(4)  -  f(2)3(c/u1)  (70) 

a14  » |f(5)  -  d/2)[f(i)  ♦  m 

*  f(3)  +  f(4)3}/(pu1)  (71) 

A22  *  (l/2)[f(l)  +  f (3)]  (72) 

A24  «  (l/2)[f(1 )  -  f(3)]/(pc)  (73) 
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A33  *  (l/2}[f(2)  +  f(4)] 

(74) 

A34  r  •  (V2)Cfl2)  '  t(4)]/{?c) 

(75) 

A42  =  0/2)[f{l)  -  f(3)3(pc) 

(76) 

A43  =  0/2)[f(2)  -  f(4)](pc) 

(77) 

A44  s  0/2)[f(!)  +  f(2)  +  f(3)  +  f (4)1  -  f (5)  (78) 


cnd  the  notation  f(I)  denotes  the  polynomial  portion  of  Eq.  (60)  evaluated 
at  the  po int  (I).  These  results  are  developed  In  Appendix  H.  The  re¬ 
cursion  relation  which  results  when  interpolation  at  point  (5)  is  not 
included  is  also  developed  ir,  Appendix  H. 

The  von  Neumann  stability  criterion  states  that  the  absolute  magni¬ 
tudes  of  the  eigenvalues  of  the  amplification  matrix  A  should  not  exceed 
uie  value  i  +  OO/axj),  where  OO/axj )  denotes  some  finite  constant  times 
the  quantity  (1/ax^).  Tlie  bound  for  the  eigenvalues  of  the  matrix  A  wis 
investigated  numerically  by  choosing  a  characteristic  length  L  and  mesh 
spaclngs  &x2  and  ax,,  consistent  with  physical  problems  of  interest,  and 
subsequently  calculating  the  magnitudes  sf  the  eigenvalues  for  a  range 
of  the  frequency  factors  M  and  H.  Values  of  10  and  i  were  assumed  for 


l  ana  both  i*2  end  tx%  respectively,  The  range  of  K  and  H  was  then  se¬ 
lected  so  that  the  arguments  cf  the  circular  functions  ranged  from  0  to 
ct;  this  results  In  a  range  from  0  to  Z0  for  both  M  and  H.  The  eigen- 
v«!ue  having  the  maximum  magnitude  was  calculated  as  a  function  of  a 
frequency  index  I  wherein  *11  H  and  N  less  chan  or  equal  to  I  were  search¬ 
ed  for  the  maximum  eigenvalue.  In  the  course  of  the  investigation  it  wg5 
found  that  the  results  were  cenpletely  sywsrtpic  about  tna  value  1C  for 
I,  thus  only  the  results  for  I  less  than  10  are  reported, 

she  results  sf  the  eigenvalue  analysis  are  shown  plotted  in  Figure 

f  rsr  th™  cass%  <J,S  HtiQ  diff-^ce  scheme  without  interpolation, 
Interpol scion  except  at  %m  streamline  point  and  interpolation  at  all 
Rvints  isea  nspend ix  n  tor  the  analytical  development  for  cases  without 
interpolations,  when  Interpolation  is  not  used  the  schema-  is  clearly 
un.onds viOs-si .y  unsaSvie  since  only  sigcnvaluts  greater  than  or  equal 
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FIGURE  10.  STABILITY  RESULTS 


to  unity  are  obtained.  The  maximum  absolute  value  of  an  eigenvalue, 
approximately  3,  occurs  for  I  equal  to  10.  which  corresponds  to  a  Fourier 
component  having  a  wave  length  twice  the  mesh  spacing.  This  result  is 
not  surprisi'''  since,  *--*  ,  or'.  *  ■  points  in  the  initial-value  surface 
are  used  (the  four  wave  surface  bi characteristic  intersections  end  the 
streamline  intersection )  the  convex  hull  of  the  four  outermost  points  is 
a  square  lying  entirely  within  the  circular  differential  zone  of  depen¬ 
dence.  Thus,  the  CFL  necessary  condition  for  stability  is  rot  satisfied. 

when  Interpolation  using  nine  points  is  used  only  at  the  bicharacter 
istic  intersections,  a  marked  improvement  in  stability  characteristic 
results,  but  the  maximum  magnitude  of  the  eigenvalues  Is  still  everywhere 
equal  to  or  exceeds  unity*  see  Figure  10.  Numerical  tests  of  this  scheme 
using  the  nonlinear  second-order  algorithm,  revealed  that  numerical  in¬ 
stabilities  did  occur  after  20  to  30  integration  steps. 

When  interpolation  is  used  at  all  five  points  in  the  Initial-value 
surface  a  sufficiently  stable  scheme  result:.,  see  Figure  B.  In  this  case 
eigenvalues  greater  than  unity  occur  only  for  low  frequency  components 
and  even  these  are  only  slightly  greater  than  unity.  Numerical  tests 
with  this  scheme  have  revealed  no  evidence  of  instability  even  after  60 
integration  steps  and  In  the  presence  of  severe  disturbances  which  would 
result  in  shoefcs  in  a  real  flow.  Results  of  the  eigenvalue  analysis  for 
reductions  In  the  x-j  step  size  and  for  rotation  of  the  network  are  given 
in  Appondix  H.  Only  for  the  case  of  zero  x^  step  size  were  all  eigen¬ 
values  less  than  or  equal  to  unity.  However,  the  numerical  results  which 
have  seen  obtained  using  the  nonlinear  scheme  clearly  indicate  that  the 
scfc«s  using  interpolation  at  all  points  is  sufficiently  stable  if  the 
CFL  condition  is  satisfied. 


SECTION  VII 
ACCURACY  STUDIES 


1 .  GENERAL 

In  order  to  test  the  order  of  the  metrical  error  of  the  scheme, 
the  numerics!  solution  was  capered  with  the  exact  solution  for  a 
spherical  source  flew  and  a  Prandtl -Meyer  or  simple  wave  flew.  Special¬ 
ized  computer  programs  were  written  which  gr  *  ated  an  exact  Initial- 
value  surface  and  subsequently  generated  both  the  numerical  and  exact 
solutions  at  the  points  of  each  subsequent  solution  surface.  The  point 
spacing  on  the  respective  initial-value  surfaces  w*re  successively  halved 
In  order  to  study  the  error  behavior  for  reductions  in  step  size. 

As  an  additional  test  of  the  accuracy,  the  three -dimensional  numer¬ 
ical  results  for  two  ax1s>^etric  nozzles  were  compare  J  with  the  cler¬ 
ical  .solution  obtained  using  the  two-dimensional  method  of  characteris¬ 
tics.  The  two  nozzles  used  for  comparison  were  a  cenici'l  nozzle  having 
a  15  degree  half-angle  and  a  contoured  axisy^etric  noil's. 


2.  SOURCE  FLOW  RESULTS 


The  local  truncation  error  in  the  metrical  scheme  was  '.ssumed  to 
third  order  in  step  size;  thus,  for  integration  to  a  fixeo  point  in 
the  flew  for  which  the  number  of  steps  is  of  the  order  (l/ax-,),  the  sc- 

i 

cisarlated  error  is  second  order  in  step  size.  The  order  of  the  actual 
error  can  be  established  numerically  by  successively  reducing  the  step 
size  and  comparing  the  ratio  of  acc^lated  errors  to  the  ratio  of  step 
sizes  raised  to  the  assised  order  of  the  error.  This  process  is  illus¬ 
trated  schematically  and  the  results  $!®»ari zed  in  Figure  11.  These 
results  were  obtained  for  a  Mach  mrnfeer  of  four  on  the  initial -value 


surface  and  a  relatively  small  source  angle.  The  results  verify  toe 
assisted  second-order  error  characteristic  since  the  ratios  of  the  errors 
are  in  all  cases  less  than  the  ratios  of  the  step  size  squared.  Similar 


FIGURE  II.  SOURCE  FLOW  ERROR  STUDY,  MI=4.0 


results  were  obtained  for  circular  point  networks  and  for  higher  gradient 
flows,  i.e.,  large  source  angles  and  Mach  numbers  near  unity,  see  Appendix 
1.  When  a  very  cc-arse  fwsh  was  used  for  the  higher  gradient  flows  it  was 
found  that  less  than  second -order  error  characteristics  resulted.  How¬ 
ever,  as  the  mesh  spacing  was  reduced  the  scheme  did  exhibit  the  proper 
second-o 'der  characteristic.  One  possible  explanation  for  this  phenom¬ 
enon  is  that  at  large  mesh  spacing  the  second-order  interpolation  scheme 
is  no  more  accurate  than  first-order  Interpolation  and  *hus  the  accuracy 
characteristic  is  reduced.  More  detailed  results  of  this  study  are  in¬ 
cluded  in  Appendix  I. 


3.  PRAHDTl -MEYER  FLOW  RESULTS 


Although  a  Drandt1 -Meyer  flew  is  only  s  one  independent  variable 
flow,  like  the  source  flow,  the  flow  has  a  two-dimensional  spatial  char¬ 
acter.  Unlike  the  spherical  source  flow  the  streamlines  are  curved  and 
thus  should  provide  a  so re  severe  test  for  the  numerical  scheme. 

Similar  results  to  those  obtained  for  source  flow  are  presented  In 
Figure  12,  Here  again  a  second-order  error  characteristic  is  clearly 
indicated.  Error  studies  similar  to  those  presented  in  Figure  12  have 
been  made  for  variations  in  the  initial  Kach  mssber  and  for  rotations 


of  the  plane  of  curvature  of  the  streamlines,  see  Appendix  I.  Although 
considerable  variation  in  the  absolute  accuracy  occurs,  the  second-order 


characteristic  is  retained.  As  a  result  of  the  studies  for  rotation  of 
the  plane  of  curvature,  it  was  decided  to  use  the  pressure  gradient, 
which  lies  in  the  local  plane  of  curvature,  as  a  reference  for  orienta¬ 
tion  of  the  local  difference  network.  These  studies  indicated  that  the 
local  error  was  a  minimum  when  toe  systes  of  four  bi characteristic  seg¬ 
ments  just  straddled  foe  plane  of  curvature.  It  should  be  s^hasited 


that  this  effect  was  small 


but  was  as  convenient  to  mz' 


~-v  M 


arbitrary  reference,  see  Appendix  !. 


nXi: 


nciUi.  i : 


toe  general  accuracy  of  the  toree-dieens i ona 1 
axisyiraetrtc  f*e«  were  cospv^rd  and  the  re- 


URE  12.  PRANDTL- MEYER  FLOW  ERROR  STUDY, 


two-dimensional  method  of  characteristics  program.  The  two  cases  con¬ 
sisted  of  a  15  degree  half-angle  cone  end  an  axi  symmetric  contoured  noz¬ 
zle  having  a  maximum  wall  slope  downstream  of  the  throat  of  55  degrees 
and  an  exit  half-angle  of  13  degrees.  In  all  cases  the  initial  data 
v^ere  generated  using  a  1C  degree  spherical  source  flow.  The  results  of 
these  comparisons  are  shown  in  Figures  13  and  14  for  the  cone  and  con¬ 
toured  nozzle  respectively.  Both  the  nozzle  wall  and  centerline  pres¬ 
sures  are  plotted  in  each  case.  The  agreement  is  exceedingly  good  except 
at  points  of  discontinuous  rates  of  change  in  flow  properties.  Ths  point 
on  the  nozzle  axis  at  which  the  first  expansion  wave  from  the  wall 
reaches  the  axis  is  such  a  point.  This  point  is  labeled  by  A  in  hath 
Figures  13  and  14.  The  two-dimensional  solution,  which  calculates  along 
characteristics  and  dees  not  require  interpolation,  shews  the  true  char¬ 
acter  of  the  solution,  while  the  three-dimensional  solution  smooths  out 
this  point.  This  diffusive  characteristic  is  inherent  in  any  three- 
dlsensionai  calculation  scheme  because  of  the  necessity  to  interpolate 
and  became  of  the  need  to  satisfy  the  CFL  stability  criterion  which 
requires  that  manerical  disturbances  be  propagated  at  a  velocity  greater 
than  the  infinitesimal  disturbance  propagation  speed,  i.e.,  the  speed  of 
sound. 


FIGURE  13.  SOLUTION  FOR  CONICAL  NOZZLE 
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FIGURE  14.  SOLUTION  FOR  CONTOURED  NOZZLE 


SECTION  VIII 

THREE-DIMENSIONAL  FLOW  RESULTS 

1 .  GENERAL 

At  the  present  time  no  exact  solutions  for  three-dimensional  super¬ 
sonic  internal  flows  exist  nor  does  any  standard  numerical  calculation 
technique;  consequently  it  is  not  possible  to  make  any  comparison  with 
existing  results.  Several  solutions  for  flews  having  three-dimensional 
character  are  presented  here  simply  to  illustrate  the  general  capabilities 
of  the  technique.  These  results  were  generated  using  the  CDC-S50Q  ver¬ 
sion  of  the  computer  program  which  was  produced. 

The  cases  presented  are  not  directed  toward  any  specific  applica¬ 
tion,  but  are  typical  of  the  types  of  nozzles  which  might-  under  special 
constraints,  be  used  as  either  rocket,  ramjet  or  scramjet  nozzles. 

2.  ELLIPTICAL  NOZZLES 

These  nozzles  have  ellipitical  cross  sections  normal  to  the  x-j  co¬ 
ordinate  axis.  The  x9  and  x^  Intercepts  of  the  cross  sections  are  func¬ 
tions  of  the  ^coordinate  such  that  the  contour  is  initially  circular 
at  the  throat  and  elliptical  beyond.  The  intercept  variation  is  described 
by  a  circular  arc  in  the  throat  region  which  is  joined  tangentially  to 
i  general  parabola  for  the  diverging  section. 

The  cross  sections  and  boundary  streamlines  for  one  quadrant  of  the 
first  nozzle  are  plotted  issmatricany  in  Figure  15.  In  this  case  the 
Intercept  of  the  contour  with  the  x«  -  x,  coordinate  plane  was  held  fixed 

*  v 

while  the  x-j  -  Xg  intercept  was  allowed  to  vary.  Aunifom  parallel 
flow  was  used  to  establish  flow  conditions  at  the  initial -value  surface. 

The  nozzle  cross  sections  and  corresponding  polar  wall  pressure  con¬ 
tours  at  each  solution  surface  are  shewn  In  Figura  16.  The  polar  pres¬ 
sure  plots  art  constructed  such  that  the  pressure  is  the  magnitude  of 
the  radius  vector  to  each  point  on  the  curve  and  the  polar  angle 
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FIGURE  15.  ELLIPTICAL  NOZZi 


corresponds  to  the  pole?  a^gle  of  the  wall  point  in  the  physical  plane. 
N?te  the  pronounced  three -dimensional  character  of  the  pressure  field. 

Even  though  the  contour  is  &  smooth  and  relatively  gentle  transition, 
significant  transverse  pressure  gradients  are  present.  Clearly  a  psuedo 
three-dimensional  calculation  technique,  which  neglects  cross  flow, 
could  not  adequately  represent  such  a  flow. 

The  second  elliptical  nozzle  is  also  circular  at  the  throat,  but 
has  variation  of  both  the  x,  -  x_2  and  x?  -  x3  intercepts  in  the  diverging 
section.  An  isometric  plot  of  the  nozzle  cross-sections  and  the  boundary 
streamlines  is  shown  in  Figure  17.  The  corresponding  cross-sections  and 
polar  pressure  contours  are  shown  in  Figure  13.  This  nozzle  has  less 
deviation  from  axial  syai3stry  than  the  first  nozzle,  and  consequently, 
the  three-dimensional  character  is  less  pronounced. 

3.  SUPER-ELLIPTICAL  NOZZLE 

The  term  super-elliptical  Is  used  here  to  denote  a  nozzle  having 
cross-sections  given  by  the  general  equation 

U  U 

(xg/A^)  +  {x.j/Aj}  -  1  (79) 

where  x2  and  x3  are  ne  rectangular  cartesian  coordinates  of  the  cross- 
section,  A2  and  are  the  respective  intercepts  and  c2  and  E3  are  ex¬ 
ponents  which  arc  greater  than  or  equal  to  2.0.  The  parameters  A?,  A^, 

E2  ani  E3  are  assumed  to  be  differentiable  functions  of  the  axial  co¬ 
ordinate  x-.  As  the  exponents  are  given  values  greater  than  2.9  the 
cross-sections  approach  a  rectangular  stupe  with  a  smooth  fillet  at  the 
outer  corner. 

The  super-elliptical  nozzle  contour  used  for-  illustration  Herein 
was  generated  using  the  same  intercepts  as  for  the  second  elliptical 
nozzle,  but  letting  the  super-elliptical  exponents  vary  from  2.0  at  the 
throat  station  to  10,0  at  the  nozzle  exit  so  that  the  eontour  is  initially 
circular  at  the  throat  and  becomes  super-elliptical  in  the  diverging  sec¬ 
tion.  One  quadrant  of  the  resulting  contour  with  boundary  streamlines 
is  shown  plotted  iscmetrically  in  Figure  IS.  The  corresponding  cross- 
sections  end  polar  wall  pressures  are  shown  in  Figure  29.  Here  again. 
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pronounced  three— dl  sessional  effects  are  present.  Sote  that  the 

highest  pressures  in  “hs  exit  plane  are  in  the  comer  while  the  lowest 
pr*5?yfA5  occar  st  tv  t  A  or^^Cvloi*  tr^s^d  on  » 

longitude!  two  — d  1  ns r s ^ c- n a !  e^c-ans ■' on  area  ratio  would  produce  just  the 

the  rather  cobles  three- d i mns lone!  character 


oppos i te  r esul t .  ao- 
of  the  flow  is  evident. 


4.  mnsYmETRic  iw_et  aow 

The  case  of  nonsywssiHc  inlet  *1ow  into  an  ax  is  verse  trie  nozzle  was 
investigated  In  order  to  illustrate  the  application  of  the  issthod  to  a 
currant  eng  i  nee  ring  pr&bls*.  -Ko-rsy^wtrlc  inlet  flow  is  frequently  en¬ 
countered  in  solid  rochet  motors  having  asvssetric  grain  configurations 
or  ail  tide  nozzle  aft  closures.  The  ssy^etric  Inlet  flow  results  in 
sisal ignatni  of  the  thrust  axis  and  is  a  source  of  dispersion  in  unguided 
rockets. 

A  nonsysssetric  inlet  flow  was  generated,  for  the  purpose  of  these 
calculations,  Py  superimposing  two  one-diEsnsional  source  flows,  one 
located  syistetrically  and  the  other  one  offset  *rm  the  axis.  The  twe 
source  flows  were  superimposed  on  the  Initlal-valu*  surface  by  using 
periodic  weighting  functions.  The  syrotric  source  was  weighted  oy  tee 
factor  s1n*[(t/2)  {R/it.}]  and  the  asyseetric  source  was  weighted  by 
cos<[{v/2)  { P/R_ } 1 »  where  R  is  the  radial  distance  frm  the  axis  and  R? 
is  the  saxlsss  radius,  i,e.,the  radius  of  the  nozzle  wall  at  toe  Init'sl- 


va 


1  TJS 


surface. 


ihs  oecsetry  of  the  double  source  sode!  is  f  1 1  us  tra ted 


In  Figure  21.  The  periodic  weighting  functions  produce  the  desirable 
result  that  the  flow  is  everywhere  tangent  to  the  nozzle  boundary  and 
has  the  -character  of  the  offset  source  at  the  center  of  tee  flow. 

The  Hach  number  at  the  center  of  the  initial  value  surface  was  1.05 
and  the  half-angle  of  the  symmetric  source  was  5  degrees.  The  offset 
ancle  of  the  second  source  ^ $  also  5-  degrees  The  total  area  ratio  cf 


nozzle  as  13.3.  Figure  22  shows  the  wall  pressure  ratios  calculated 


at  the  upper  and  lower  wall  Intersections  with  the 
a  function  of  nozzle  lenoth.  Note  the  reversal  in 


plane  c=r  s  yew  try  as 


11IIIIIIPHIKIIIII1IK! 


FIGURE  22.  SKEWED -INLET  WALL  PRESSURES 


The  angle  of  thrust  misalignment,  a.  Is  presented  In  Figure  23  as 
®  function  of  fizzle  length.  Tfc*  results  show  the  Jarred  periodic  vari 
stlon.  Although  the  results  show  one  thrust  reversal »  the  period  of 
such  reversals  Increases  greatly  with  the  degree  of  expansion  and  a  con 
siderably  longer  nozzle  would  be  required  to  obtain  a  null  misalignment 
The  frequency  of  such  reversals  is  a  function  of  the  cone  angle  or  the 
rate  of  expansion. 
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FIGURE  23.  SKEWED-INL.ET  THRUST  MISALIGNMENT 


SECTION  IX 


CONCLUSIONS 

A  method  of  characteristics  numerics!  integration  scheme  for  the 
governing  equations  of  motion  of  three-dimensional  supersonic  flow  has 
been  developed  and  shown  to  produce  results  having  second-order  accuracy. 
The  technique  has  been  applied  to  severs!  thrust  nozzle  problems  and  has 
produced  highly  satis  factor:.''  results.  The  culmination  of  this  research 
(i.e.»  the  theoretical  development  of  the  scheme,  development  of  the 
necessary  numerical  techniques  and  the  Integration  of  these  Into  an  al¬ 
gorithm  for  Internal  supersonic  flows)  is  a  production  type  computer 
program  suitable  for  application  to  a  wide  variety  of  supersor.k  nozzle 
problems.  The  success  of  the  method  in  this  application  Indicates  that 
the  method  could  be  profitably  applied  to  a  wide  range  5f  other  super¬ 
sonic  flow  problems,  such  as  supersonic  aircraft  Inlets,  supersede  ex¬ 
ternal  flow  around  yawed  axisymmetric  bodies  and  supersonic  flow  around 
bodies  of  arbitrary  cross-section. 

The  results  of  this  research  indicate  that  the  extra  complexity  re¬ 
quired  to  maintain  second-order  accuracy  Is  entirely  justified.  The  ease 
with  which  boundary  conditions  are  Incorporated  into  the  numerical  al¬ 
gorithm  Is  a  definite  advantage,  unique  to  characteristic  methods,  over 
ordinary  finite  difference  schemes.  The  development  of  a  method  of  char¬ 
acteristics  scheme  Is  certainly  more  costly  in  time  of  development  and 
complexity,  but  the  results  justify  the  efforts. 

Although  a  general  study  of  three-dimensional  supersonic  flews  was 
not  a  part  of  this  research  per  se,  the  sample  cases  which  were  eluted 
permit  one  general  conclusion.  The  structure  of  three-dimensional  flows, 
even  modestly  three-dimensional .  is  quite  complex,  and  in  none  of  the 
esses  analyzed  would  a  psuedo  three-dimensional  technique  which  neglects 
cross  flows  have  been  adequate  to  predict  the  true  nature  of  the  flow. 
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1 .  GENERAL 


The  problem  o*  obtaining  the  “general  solution ,H  i.e.,  the  totality 
of  all  solutions  of  a  system  of  partial  differential  equations,  hardly 
every  occurs.  Usually  a  specific  solution  is  singled  out  by  imposing 
further  conditions  which  the  solution  must  satisfy.  For  three  indepen¬ 
dent  variables  these  conditions  usually  refer  to  two-dimensional  surfaces 
on  which  the  solution  is  further  constrained.  These  constraints  can  ap¬ 
pear  as  physical  boundaries,  initial  data,  or  as  discontinuity  surfaces 
which  bound  domains  within  which  the  solution  is  to  be  found.  The  in¬ 
itial-value  problem  is  known  as  a  "Cauchy  problem11  and  the  theory  of  such 
problems  has  been  developed  by  Hadamard  (4S),  Cauchy  and  Kowalewsky  (50), 
and  more  recently  by  Titt  (20). 

If  a  mathematical  problem  is  to  correspond  to  physical  reality,  the 
following  basic  requirements  should  :>e  met.  Ref.  (50): 

1)  The  solution  must  const. 

2)  The  solution  shoulc  bn  uniqiely  determined. 

3)  The  solution  shouk  depend  continuously  on  the  initial 
and  boundary  data  yaquirements  of  stability). 

Any  problem  which  satisfies  :r,ese  thr*e  requirements  is  considered 
properly  posed.  The  problem  of  oiiaining  s  solution  for  a  system  of 
analytic  hyperbolic  partial  differential  equations  is  properly  posed  when 
analytic  data  are  specified  over  5  space- Vice  initial-value  surface  and 
appropriate  boundary  data  are  specified  over  tins-like  surfaces  which 
join  the  initial-data  surface.  Uniquenees  and  existence  of  the  solution 
me,  in  general,  only  guaranteed  in  the  scads  even  under  the  excessively 
"tistrictive  condition  of  analyticity.  This  is  due  to  the  fact  that  the 
possible  occurrence  of  discontinuities  (shocks)  cannot  be  excluded  a 
o’iorl.  However,  in  the  event  that  discontinuities  do  appear,  it  is 
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for  sell -posed  problems  when  toe  initial  data  contain  discontinuities  in 
the  first  and  Mgher  derivatives  of  the  dependent  variables  lies  in  the 
concept  of  chars. tteri Stic  surfaces.  Hyperbolic  sys tecs  of  partial  dif¬ 
ferential  equations  have  tee  property  teat  particular  linear  combinations 
of  tee  differential  equations  produce  interior  differential  operators  in 
manifolds  of  one  loser  d Irens ion.  These  sani folds ,  or  surfaces  for  three 
independent  variables,  are  called  characteristic  and  tee  geometry  of  these 
manifolds  defines  tee  manner  in  which  the  solution  at  a  point  depends 
upon  tee  initial  and  boundary  data. 

In  general,  for  hyperbolic  systems  tee  solution  at  a  point  does  not 
depend  upon  all  of  tee  initial  or  boundary  data,  but  depends  upon  only  a 
portion  of  tee  data  within  a  finite  'dace in  of  dependence*.  The  domain 
of  dependence  of  a  point  includes  teat  portion  cf  the  initial  data  bounded 
by  all  the  outemost  characteristic  surfaces  passing  through  tee  point. 
Further,  the  characteristics  are  te?  '•■frfaces  along  which  discontinuities 
in  tee  Initial  data  or  derivatives  of  tee  data  are  propagated.  Courant 
and  Hilbert  {50}  give  proofs  of  existence  and  uniqueness  of  the  solution 
in  tee  small  for  quasi -11  near  systems  with  initial  data  having  discon¬ 
tinuous  first  partial  derivatives. 

Solutions  where  tee  dependent  variables  are  discontinuous  in  tee 
initial  data  are  known  as  'weak  solutions'  and  tee  theory  used  to  prove 
existence  and  uniqueness  breaks  down  (50} .  However,  in  practice  a  solu¬ 
tion  may  be  obtained  by  treating  tee  discontinuity  surface  as  a  boundary 
condition  across  which  a  jvsp  condition  is  employed.  In  stannary,  the 
mathematical  theory  necessary  to  establish  tee  conditions  for  well-posed 
problems  is  relatively  complete  and  tee  major  difficulties  In  obtaining 
a  solution  are  encountered  in  attempts  to  devise  numerical  schemas. 


c. 


CHARACTERISTIC  SURFACES 


Consider  a  general  system  of  quasi-lineer  equations  in  n  dependent 
variables  and  three  independent  varieties 
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fi.i  * 
i”  !  / 


where  the  a___.  =r»d  the  b_  e~?  known  functions  o*  the  u  afid  x4,  Hers 
the  siffiration  convention  *:s  used  unless  otherwise  stated  end  tbs  Greek 
subscripts  run  ever  the  ^a~noe  *  to  ~  while  the  Latin  subscripts  hive  the 
range  I  to  3.  The  system  o'  equations,  to,  (A-l } ,  is  a  corslets  set, 
5-c-,  n  equations  haviro  r  beoe^dent  Tjri ghl ej T  pg-r .  C49), 

The  characteristic  ; ’■oosrty  of  hyperbolic  sys t**s  of  equations  has 
great  significance,  not  only  with  ^'-esoec t  to  determining  the  condi ti cos 
for  a  well-posed  problsn,  but  also,  with  respect  to  devising-  a  m^ri-cal 
seb^s  for  solution  of  initial-value  oiotlefs ,  Since  the  syst^  of  equa 
tloss  reduces  to  an  interior  ooe~ator  on  a  characteristic  surface,  it  is 

ffOt  to  Sv  irg^jtS  ^  fha  tS? 

equations  when  all  derivatives  within  the  surface  are  know?-- .  Thus  the 
solution  could  not  be  extended  beyond  such  a  surface  by  power  series  ex¬ 
pansion,  in  addition,  data  say  not  be  specified  arbitrarily  on  such  a 
surface  but  r^ust  satisfy  a  coi^atlbliity  relation,  the  interior  aerator 

of  the  sys tan  of  ecus cions. 

These  special  properties  of  hyperbolic  systeas  can  be  shown  by  a 
variety  of  methods ,  sore  siller  than  others,  but  all  equivalent,  A 
particular  approach  due  to  Rusanov  (8)  will  be  used  here.  This  approach 
has  the  advantage  that  it  yields  information  concerning  the  interdepen¬ 
dence  of  the  charsets ri sti c  cc^patibi lity  relations. 

Any  arbitrary  set  of  real  m®6e?*s  (a,,  a^,  a^)  can  be  considered  a 
vector,  ,  in  the  th ree-d 1  mms i  cna  1  space  under  consideration  and  Is 
denoted  by  a  single  Latin  subscript.  Let  f  be  a  function  whose  first 
partial  derivatives  exist.  The  directional  differential  of  f  along  a,: , 
denoted  by  the  operator  d-rf,  in  terss  of  a  oarereter  t  is 


H.f  s  2  / 5t  -  !j-;t 


directional  differential,  Eq.  (A-2),  as  folios: 
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as  folios: 

specified  arbitrarily  on  such  a  characteristic  surface  since  they  must 
satisfy  Eq,  (A-S),  which  is  called  a  compatibility  condition. 

Let  denote  the  normal  vector  to  a  characteristic  surface,  then  the 
condition  that  all  the  vectors  W  ,  lie  In  this  surface  is 

Vi 

*  0,  (v  s  l,2,..n)  (A-9) 


Making  use  of  £q.  (A*?),  these  equations  can  be  written  in  terms  of  the 
coefficients  of  the  original  system  of  differential  equations 


n,w  a  . 

1  y  y  v  j 


*  (auviniK 


0,  ( v  a  1 ,2,..nj 


(A-1D) 


where  nf  and  w  are  to  be  determined.  The  equations,  £q.  (A-1G),  are  a 
*  y 

system  of  homogeneous  linear  algebraic  equations  for  the  components  of 
the  system  left  eigenvector,  w,  .  me  condition  that  a  nontrivial  solu¬ 
tion  exists  for  the  w  is  that  the  determinant  of  the  coefficients  vanish, 

u 

i.e.. 


det  [a^.n^  =  X{ni }  s  0 
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where  Xln^)  is  an  nth  order  polynomial 
called  the  character*; -tic  equation  and 


in  the  n^.  Equation  (A-ll)  is 
it  yields  a  condition  which  must 


te  satisfied  by  a  normal  -  n, ,  to  a  characteristic  surface. 
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of  the  normal  vector  is  taken  to  be  unity,  then 
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which  together  with  Eq.  {  ,  provides  two  conditions  for  the  three  cm- 

ponents  of  the  normal.  The  remaining  component  of  the  norma!  Is  arbitrary 
and  Eos.  (A-ll)  and  (A-12)  do  not  uniquely  determine  a  particular  normal 
but  rather  determine  a  fsnily,  or  families,  of  characteristic  normals. 


The  msnber  of  independent  solutions  for  the  w  in  Eq.  (A-10)  cor¬ 
responding  to  a  particular  normal,  n^,  is  determined  by  the  rank  of  the 
coefficient  matrix.  In  general,  the  number  of  independent  nontrivial  solu 


tions,  s,  is  given  fay 
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where  n  Is  the  order  end  p  the  rank  of  the  coefficient  matrix.  Corres¬ 
ponding  tc  each  independent  solution  for  the  there  exists  ?  compati¬ 
bility  relation.  Thus  there  exist  s  independent  differential  compatibil¬ 
ity  relationships  for  each  characteristic  surface.  The  differential 
compatibility  relations  have  the  form 

dn'j)u  «B^)dt  (j  =  U2,..s)  fA- 14) 

where 

wQ)  =  a  .  (A-15) 

vl  y  yvi 

and 

. ,  (j  *  1,  2».,s)  (A  16) 

are  the  s  linearly  independent  solutions  of  Eq.  (A-10)  for  ths  system  of 
left  eigenvectors  corresponding  to  a  particular  normal,  n^.. 

Any  characteristic  compatibility  relation  is  a  linear  combi  nation 
of  the  n  original  differential  equations  and  tht?  the  r^mber  of  indepen¬ 
dent  differential  relationships  corresponding  to  one  or  several  normals 
cannot  exceed  the  number  of  original  equations,  n.  How  many  and  which 
of  the  multitude  of  possible  compatibility  relations  are  independent  may, 
in  theory  at  least,  be  clarified  by  writing  out  the  matrix  of  numbers, 
where  the  range  of  j  is  such  that  all  independent  solutions  for 
each  of  the  seyeral  normals  to  be  considered  ere  included.  The  rank  of 
t*--?  matrix  renders  the  number  of  Independent  relationships  and  the  rows 
o.  ;he  highest  order  nonzero  determinant  show  which  relationships  are 
independent. 

The  matrix  of  numbers  vr J 1 ,  may  pertain  to  one  or  several  character¬ 
istic  normals.  It  may  turn  cut  that  the  same  differential  compatibility 
relationship  will  correspond  to  two  or  more  normals,  and  It  is  t.lso  pos¬ 
sible  that  any  of  the  original  equations,  Eq.  (A-1),  may  be  character¬ 
istic  to  begin  with  (l.e.,  all  a  ^  for  some  y  lie  in  one  plane). 

The  two  questions  which  ere  relevant  to  the  formulation  of  numerical 
schemes  can  be  summarized  as  follows: 
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’)  Cars  there  exist  n  real  and  indsperdent  compatibility  relation¬ 
ships  for  the  system  of  equations,  Eq,  (A-l), which  can  be  used  to  replace 
the  system  at  a  point? 

?.)  Given  several  characteristic  normals,  which  of  the  corresponding 
compatibility  relationships  are  independent? 

These  questions  are  ’'‘nvssti gated  for  the  equations  of  motion  for  station¬ 
ary  supersonic  flow  in  Appendix  D. 

3,  CONE  OF  NORMALS  AND  CHARACTERISTIC  CONOID 

The  left  side  of  the  characteristic  equation,  Eq.  (A-11),  Is  the 
determinant  of  an  nth  order  matrix,  and  thus  is  an  nth  order  polynomial 
in  the  three  components  of  the  unit  normal,  (n-j,  n n^}.  Equation  (A-12 ) 
provides  one  condition  for  determination  of  the  two  degrees  of  freedom 
of  the  normal.  One  degree  of  freedom  retains  such  that  an  nth  order 
family  of  normals  is  obtained.  The  elements  of  the  family  of  normals  so 
obtained  define  a  conical  surface  called  the  cone  of  normals. 

The  case  in  which  the  cone  of  normals  degenerates  into  two  noninter- 
seeting  cones  Is  or  particular  interest  in  gas  dynamics.  The  character¬ 
istic  determinant,  Eq.  (A~ll}s  in  this  case  factors  into  the  product  of 
a  symstric  quadratic  factor  and  a  linear  factor  repeated  n-2  times,  i.e.. 
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whe“e  A*..  s  A<4.  Equation  (A- 17)  is  satisfied  if  either  of  the  factors 

J  t 

vanish.  Tha  first  factor  yieldsthe  equation  for  a  family  of  normals 
whose  endpoints  lie  on  the  surface  of  a  quadratic  cone,  while  the  second 
factor  yields  the  equation  for  a  family  of  normals  whose  endpoints  all 
He  in  a  plane  no.mal  to  the  direct’on  Lfe. 

In  gs§  dynamics  the  cone  of  normals  is  usually  defined  as  only  the 
quadratic  cone  generated  by  the  elects  corresponding  to  all  the  unit 
normals  which  satisfy  the  quadric  ©gustier* 
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(A-18) 


The  characteristic  surfaces  which  correspond  to  each  of  the  elements  of 
this  cone  of  normals  form  a  curved  conical  envelope  which  Is  called  the 


characteristic  conoid.  The  curves  of  contact  between  the  characteristic 
surfaces  and  the  conoid  are  called  fa-: enaracteri sties.  The  tangent  planes 
to  each  of  the  characteristic  surfaces  form  a  conical  envelope  consisting 
of  straight  elements  which  is  called  the  characteristic  cone.  The  geo¬ 
metric  relationship  between  these  conical  surfaces  is  illustrated  in 
Figure  A-l. 

The  equation  for  the  characteristic  cone,  which  Is  required  for 
development  of  numerics!  methods  for  solution,  is  the  reciprocal  cone 
to  the  cone  of  normals.  In  oroer  to  obtain  the  reciprocal  cone,  consider 
the  particular  unit  normal  vector,  n<. 
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where  x,-°  (i  «  1,2,3}  are  the  coordinates  of  the  vertex  of  the  cons  of 

i 

normals  and  t,  is  an  arbitrary  length  along  the  normal.  If  the  components 
of  the  unit  normal,  n*t  are  eliminated  from  Eq,  (A-l 8}  by  means  of  Eq. 
(A-19).  the  equation  for  the  surface  of  the  cone  of  normals  is  obtained 
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The  equation  of  a  plane  tangent  to  the  cone  of  normals  at  any  point 
lying  on  the  surface  of  the  cone.  Ref.  (51}f  is  given  by 
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The  di  recti  or  numoers  of  the  noma-  to  the  tangent  plane,  defined  by  Eq. 
(A-21),  are 
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The  reciprocal  cone  is  ger.eratec  by  tne  normals  to  all  possible 
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planes  tangent  to  the  cor.e  of  normals  it  tne  vertex,  x..  .  An  equation 
for  the  reciprocal  cone  can  be  written  ir.  general  as 
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HGURE  A~l.  GEOMETRY  OF  CHARACTERISTIC 

SURFACES  AND  CONES 


where  the  (1  *  1,2,3)  are  the  components  of  any  versor  of  the  cone. 
The  parametric  equations  for  an  element  of  the  cone  can  he  written  as 


(x,  -  x  °)  -  CT.  ,  (i  -  1,2,3) 


(A-24) 


where  r,  is  an  arbitrary  length.  Any  ver:or,  of  the  cone  by  definl- 
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tlon  proportional  to  the  direction  ratios  of  the  normal  to  the  corres¬ 
ponding  tangent  plane  of  the  cone  of  normals.  Eq.  (A-22).  Thus 
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where  8  is  a  constant  of  proportionality.  Substitution  of  Eq.  (A ‘25 ) 
for  the  ^  Into  Eq.  (A-23)  and  the  fact  that  the  point  x/  is  an  arbitrary 
point  on  the  surface  of  the  cone  of  normals  yields  the  result 


’l/ni'W*"  '  xn°)(xm  ‘  *»°>  *  0 
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When  this  result  is  compared  with  the  equation  for  the  cone  of  normals, 
Eq.  (A-20) ,  an  identity  is  obtained 
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This  identity  Is  satisfied  sines  the  matrix  A  is  symstric  if  the  matrix 
a  has  the  values 
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where  A  denotes  the  adjoint  matrix,  and  |A1  denotes  the  determinant 

of  the  matrix  A.  Thus  the  matrix  [s- J  Is  simply  the  inverse  of  the 

matrix  [A,.]  end  is  denoted  f A . - ~ * j *  The  equation  for  the  character! stl 
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cone  can  now  be  written 
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A  differential  element  of  this  cone  coincides  with  tne  characteristic 
conoid  and  has  the  eouation 
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This  result  will  be  of  further  use  in  the  development  of  a  numerical 
technique  for  solution  of  the  system  of  equations,  Eq,  (A-1). 


4.  GENERAL  FORM  OF  THE  COMPATIBILITY  RELATION 

The  system  of  equations,  Eq.  (A-l),  reducesto  an  Interior  differen¬ 
tial  operator  on  a  characteristic  surface.  Data  may  not  be  prescribed 
arbitrarily  on  a  characteristic  surface  since  the  interior  operator,  or 
compatibility  condition,  must  be  satisfied.  The  compatibility  relations 
involve  directional  differentiation  in  a  space  of  one  lower  dimension 
than  the  original  system  of  equations  and,  therefore,  are  very  useful  in 
the  development  of  a  numerical  scheme. 

Consider  a  transformation  op  coordinates  by  simple  rotation  from  the 
coordinates  to  a  new  system  xj  with  direction  ratios  (axj/axj).  The 
direction  will  be  chosen  as  the  direction  normal  to  a  characteristic 
surface,  so  that 


=  ni 


The  system  of  equations,  Eq .  (A-l),  under  this  transforation  becomes 

ayvj(5xj/3Xj){3uv/axi}  =  t>u,  (u  =  1,2,.  .n}  (A-31) 


If  Eq.  (A-31)  is  multiplied  by  the  left  eigenvector,  w_  (u  =  l,2,..n), 
defined  by  Eq.  (A-10),  then  an  equivalent  form  of  the  compatibility  con¬ 
dition,  Eq,  (A-6).  is  obtained. 


w.b. 


(A-32) 


The  xj  direction  was  chosen  as  the  direction  normal  to  a  characteristic 
surface  so  that  Eq.  (A-10)  is  satisfied,  i.e.. 
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Thus  Eq.  (A-32)  Is  seen  to  reduce  to  differentiation  with  respect  to 
only  two  independent  variables,  xj  and  x£,  and  can  be  written 


w  a*  i ( 3 u  /3x-{)  +  w  a'  ~{su  /sxi)  *  w  b 

y  yv!  v  1  y  yvZ  v  2  y  j. 
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Equation  (A-34)  is  the  general  form  of  the  compatibility  relation  whicn 
must  be  satisfied  by  the  values  of  the  dependent  variables, 
uy  (v  »  l,2t..n),  cn  a  particular  characteristic  surface  having  unit 
normal,  n,,  and  corresponding  left  eigenvector  w  (y  a  l,2,..n).  The 

*  P 

compatibility  relation  car.  be  rare  singly  written  as 


E  (au  /3xl)  +  F  (3u  /3xl)  =  D 
v  v  1  v  v  2 


(A-36) 


where  the  coefficients  Ev  and  (v  =  l,2,,.n)  will  depend  upon  the 
particular  choice  for  the  x-j  and  x£  directions,  the  only  restriction 
being  that  they  be  two  Independent  directions  within  the  characteristic 
surface  corresponding  to  the  unit  normal,  n^. 
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APPENDIX  B 


THE  GENERAL  NUMERICAL  METHOD 


REMARKS 


D,  S.  Butler  (12)  has  developed  a  method  having  second-order  accur¬ 
acy  for  Integration  ;f  special  systems  of  quasi -linear  hyperbolic  part, si 
differential  equations.  Tho  method,  as  developed,  is  restricted  to  sys¬ 
tems  of  equations  for  which  tie  characterise c  determinant  reduces  to  a 
quadratic  factor  and  a  repeated  linear  factor. 

The  original  development  by  Butler,  reported  in  Ref.  (12),  is  very 
abbreviated  and  for  this  reason  the  development  is  repeated  here  in 
greater  detail.  In  general,  Butler's  approach  contains  several  *ery 
clever  and  unique  ideas  which  make  it  not  only  academically  interesting, 
but  also  a  very  promising  msarical  schema. 

2.  PARAMETERIZATION  OF  THE  BICHARACTERISTICS 

It  is  assured  that  the  characteristic  determinant  of  the  system,  Eq, 
(A-ll)  of  Appendix  A,  factorizes  into  a  symmetric  quadratic  factor  and 
a  repeated  linear  factor,  i.e., 
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where  (i  -  *  ,2,3}  are  the  components  of  the  unit  normal  to  a  character¬ 
istic  surface  and  kti  -  kit.  Either  of  the  tactors  of  Ec.  {B-l )  can  b-e 
required  to  vanish  in.  order  to  satisfy  the  characteristic  condition  and 
thus  two  f ssi lies  of  characteristic  surfaces  result.  The  first  family 
consists  of  all  surfaces  having  a  unit  normal  orthogonal  to  the  direction 
L..  (i  *  1,2,3),  i.e.,  all  surfaces  for  wnich  L-  is  a  tangent  vector.  The 
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In  Appendix  A  it  was  shewn  that  the  character! -’tic  surfaces  of  this 
second  type  fc-rw  a  curved  conical  envelope  called  a  characteristic  conoid, 
i he  equation  tor  a  differential  el grant  of  the  conoid  was  shown  to  be 


Ai  i  *  =  3 


(B-3) 


81  character! sties  are  defined  as  the  lines  of  contact  between  the 
characteristic  surfaces  and  the  characteristic  conoid  (i.e.,  the  elements 
of  the  conoid).  The  fasily  of  characteristic  surfaces  corresponding  to 
the  linear  T actor  of  Eq.  (8-1)  can  be  considered  to  generate  a  degenerate 
conical  envelope  which  siinply  consists  of  the  lire  sepsent  having  toe 
direction  ratios  L^.  The  bi characteristics  of  this  family  of  character¬ 
istic  surfaces  all  coincide  with  this  line  sepnsnt.  The  bi characteristics 
of  the  fasrily  of  characteristic  surfaces  corresponding  to  the  quadratic 
factor  of  Eq.  (8-1)  are  the  elements  of  the  quadric  conoid,  Eq.  (B-3). 

Differentia!  segments  of  the  bi characteristic  curves  can  be  expressed 
parametrically  in  terns  of  the  direction  ratios  of  the  elements  of  the 
respective  cones.  For  the  linear  factor  the  degenerate  cone  has  only 
one  distinct  elsient  and  therefore  the  parametric  equations  for  all  bi- 
ch&racteri sties  of  this  type  are 
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where  t  is  a  partes ter  proportional  to  length  along  the  curve. 

me  bi  characters  tics  of  the  second  family,  corresponding  to  the 
quadratic  factor  of  Eq,  (8-1),  can  be  likewise  expressed  parametrically 
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Sutler  (12)  introduced  the 
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parasetization,  a.  ,  and  v . ,  must  satisfy  the  qusdric  equation,  Eq, 

1  i  I 

(8-3),  Substitution  of  the  parasetric  representation*  Eq,  (B-5) ,  into 
Eg.  (B-3)  yields  the  result 
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U1Aj 


+  Zx^.ccse  +  2i,v,.sinc 


+  Mjji.cos  e  +  2u.v.cos8sins 
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v.v,sin  vj 
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which  is  satisfied  identically  if  the  vectors,  ^ ,  a.  and  v, ,  are  chosen 
such  that 
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The  condi tl ons  expressed  by  Eq.  (8-8)  produce  the  result  that  the  refer¬ 
ence  vector  set.  i, ,  *»,  and  v, ,  are  sutua'i  conjugate  disasters  of  the 
quadric  cone.  Ref.  (51).  If  a.,  ut  and  are  chosen  as  the  coordinate 

i  i  i 

axes  for  a  rectilinear  transformation  of  coordinates,  then  the  fact  that 
they  are  sautual  conjugate  diaseters  is  sufficient  to  ensure  that  the 
quadric  equation  for  the  cone  is  reduced  to  canonical  form,  i . e . t 
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sphere  the  bar  denotes  values  referenced  to  the  transformed  coordinates. 
The  equations  for  a  reel'll  near  transformation  having  the  endpoints  of  th 
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and  v.  as  unit  points  are 
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and  the  corresponding  transforsec-  equation  for  the  quadric  core 
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The  normal Izsti on  conditions.  Eg,  { B-? ) *  which  a ft  assisted  for  the  refer* 


ence  vector  set,  produce  a  particularly  siaple  csnonical  form  for  the 
transferred  quadric  equation 


(B— 1 2) 


This  Is  the  equation  for  a  real  cone  completely  enclosing  the  x,  axis, 
i.s,fthe  direction.  Thus  the  conditions,  Eq.  (B-7),  ensure  that  the 
vector  x^  lies  interior  to  the  quadric  cone.  There  are  an  Infinity  of 
transformations  which  will  reduce  the  equation  of  a  quadric  cone  to  &m- 
onical  fora  and,  therefore,  is  permitted  to  be  any  vector  interior  to 
the  cone.  This  degree  of  freedom  in  the  choice  of  will  be  required 
at  a  latter  'tage  of  the  nimerlca!  development  in  order  to  ensure  that 
the  compatibility  relations  for  the  system  of  differential  equations  can 
be  placed  In  a  particular  form. 


3.  SEVERAL  FORM  OF  THE  COMPATIBILITY  RELATIONS 

The  compatibility  relations  which  exist  for  characteristic  surfaces 
corresponding  to  the  quadratic  factor  of  the  characteristic  determinant, 
Eq.  (A-11)  of  Appendix  A,  can  now  be  expressed  in  terms  of  the  par^tetlza- 
tion  for  the  bi characteristics,  Eq.  (B-5).  The  equation  fnr  a  differ¬ 
ential  element  of  tie  plane  tangent  to  the  quadric  cone  and  corresponding 
to  a  particular  bi characteristic  direction,  Eq.  (8-5),  is  obtained  from 
Eq.  (B-3)  for  the  quadric  cone,  Ref.  (51),  and  has  the  fora 
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The  unit  normal  to  this  differential  tangent  plane  elsnent  coincides  with 
the  characteristic  normal  so  that 
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where  N  is  the  magnitude  of  the  normal  to  the  differential  element 


1  1  '  *0 
N  =  [A^'  +  u^cose  +  w1stne)Ay",(X|C  +  vk  coss  +  sine)]1' 


(B-15) 


The  bi characteristic  direction,  Eq,  (B-5),  lies  in  the  characteristic 
surface  element  and  is  orthogonal  to  the  unit  normal,  A  second  indepen¬ 
dent  direction,  which  lies  within  the  characteristic  surface  elsaant,  is 
selected  in  order  to  obtain  a  particular  form  for  the  compatibility  re¬ 
lation.  The  second  direction  is 

mj  =  v.cose  -  ursine  (8-16) 

The  orthogonality  of  this  direction  to  the  unit  normal,  Eq.  (8-14),  can 
be  verified  by  direct  calculation  and  the  use  of  Eqs.  (8-7)  and  (8-8). 

The  directions  x-j  and  in  the  general  compatibility  relation,  Eq. 
(A- 36)  of  Appendix  A,  are  any  two  independent  directions  in  a  character¬ 
istic  surface.  Therefore,  if  the  xj  direction  is  chosen  as  the  bl char¬ 
acteristic  direction  and  the  direction  as  the  independent  direction 
defined  by  Eq.  (8-16),  then  the  partial  ^grivnlves  of  the  general  com¬ 
patibility  relation  c@i  be  written  ®  di  recti  onal  derivatives  in  terms  of 
the  partial  derivatives  with  respect  to  the  original  coordinate  system, 
i.e.. 


Av(>i  +  WiCOS6  -5-  V1s1ns)(3uv/3X1) 

=  8-5-0  (v.cose  -  y,s1na)(3u  /sxj 
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where  the  coefficients  A.,  8  and  C  are  functions  of  6,  u  and  x- . 

V  V  \r  1 

Butler  (52)  obtained  the  functional  dependence  of  the  coefficients  A  , 

V 

8  and  C  or  6,  by  first  considering  the  case  for  n  =  3  (i.e.,  three  de- 

V 

pendent  variables  and  a  system  of  three  equations)  and  writing  out  Eq. 
(B-17)  for  the  values  a  =  0,  s/2,  -  and  3s/2,  i.e.. 
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Ay("/2)(  *•}  +  v^;(3Uv/ax^'  =  B(t?/2)  -  (tt/2)  y  ^  (3U^/oX^  ) 

Av(it)(X1  -  t^KsUy'SX^  =  8(u)  -  C  (r)vi(3Uv/3X1)  (B-20) 

Av(3’5/2}(Xi  -  V4)(3uy/3X^)  c  B( 3tt/2 )  +  Cv(3tt/2)^ (3Uy/3x^ }  (B-21) 

Each  cf  these  equat4ons  can  be  considered  to  be  formed  by  taking  linear 
ceis>i  nations  of  the  original  n  equation-..  Therefore,  there  exists  a 
linear  combination  of  the  fcur  equations  which  Is  an  identity.  Sunpose 
a,  s,  v  and  £  are  a  set  multipliers  for  Eqs.  (B-18),  {8-19) 9  (B-20)  and 
(3-21),  respectively,  which;  when  the  products  are  sunaied,  yields  the 
.dentity.  Then  since  the  vectors  x^,  and  a**e  independent,  the  co¬ 
efficients  of  each  of  the  directional  derivatives  x-{2t?  /3x4),  u,(3u  /ax*) 
and  v.j(3uv/3x.j)  and  the  constant  terms  in  the  identity  must  vanish.  This 
yields  the  four  relations 
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(8-22) 

oA^(O) 

+  3Cv(w/2)  • 
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•«Cv(3tt/2)  =  0 

(B-23) 

-oC  (0) 
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-  5Av(3tt/2)  -  0 

(8-24) 

cs8(0) 

+  3B(it/2)  + 

yB(tt)  + 

5B(3tt/2)  «  0 

(8-25) 

any  three  of  the  equation?, 

i  Eqs,  (8-18)  through  Eq. 

(8-21), 

are  eouivalent  to  the  original  system  differential  equations  and  there¬ 
fore  must  have  the  same  characteristic  surfaces,  i.e.s  the  corresponding 
compatibility  relations  must  haye  the  same  directions  of  differentiation 
ss  Eq.  (8-17 ) .  Therefore,  it  is  necessary  that  the  coefficients  of  the 
directional  derivatives,  (x*  *  jocose  +  v4s1rs)(3uv/3x^)  and 
(v.cose  -  y^sine} {suv/3x^ },  in  the  identity  obtained  by  sunning  Eqs.  (8-18) 
through  Eq.  (8-21)  must  also  vanish.  Equation  (8-22)  ensure*  vanishing 
of  the  coefficient  of  the  first  directional  derivative,  while  the  require¬ 
ment  that  the  coefficient  of  the  second  vanish  yields  the  additional 
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relation 


aC  (0)  f  $C  (tt/2)  +  yC  (s)  *  &C  (3t?/2)  ~  0 

*>  V  v  V 


(B-26) 


sng  relations,  Eqs.  ( B— 22 }  through  (8-26),  are  not  only  conditions  on 
the  multipliers,  a,  f,,  y  and  but  also  are  conditions  on  the  dependence 
of  A  ,  8  and  C  on  the  parameter  8, 

Since  any  three  o?  the  Eqs.  (B-18)  through  (8-21)  are  equivalent  to 
the  original  system  of  differentia^  equations,  then  ar<  appropriate  com¬ 
bination  of  these  same  equations  w’11  yield  the  general  compatibility 
relation-  £q.  (6-17).  Note  that  the  sins  and  cose  dependence  of  the 
directional  derivatives  in  Eq.  (8-1?)  mutt  be  produced  as  a  result  of 
the  multipliers  useu  In  the  linear  combination  of  Eqs.  (B-18)  through 
(8-21).  Butler  (52)  obtained  the  general  compatibility  relation  and  the 
functional  dependence  of  A^,  B  and  on  e  by  using  the  multipliers, 
a(l  *  2  coss),  ${-1-2  sine),  yO-2  cose)  and  «(-l+2  sine),  for  Eqs.  (B-18) 
through  (8-21)  respectively.  This  particular  combination  has  the  neces¬ 
sary  property  that,  for  a  =  0t  s/2,  *  ar.d  3*/2,  Eqs.  (B-18)  through  (B-21) 
are  reprooucsd  and  the  correct  9  dependence  of  the  directional  (ferlvativss 
results. 

After  considerable  rearrangement  of  terms  in  the  sunsned  equation  and 
use  of  Eqs.  (B-22),  (8-23),  (8-24),  (B-25)  and  (B-26),  the  general  form 
of  Eq.  (8-17)  is  obtained  in  which  the  coefficients  A  ,  B  and  C  have  the 

V  V 

followina  form 


A  =  A,  +  cos 8  f  A,  sins 

V  !V  cv  3v 
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8  s  B-j  +  cos 9  +  B3  sine 


(8-28) 


Cv  S  Clv  *  C2v  C0S6  *  C3o  s1ne 


(8-29) 
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A,  s  aA  (0)  -  bA  U/Z)  +  yk  (it)  -  6 A  (3tt/2) 

*V  V  V  V  V 


(B-30) 


5  2K,(°>  “ 


III  •'T  \ 
\u--0  I  j 


95 


h,  «  -ZfA  (~/2)  -  6 A  ( 3-/2) 3 
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C,  *  2[*C  (0)  +  TC  (a)  ] 
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(3-34) 

iV  vV 

(8-35) 

•5  V  6V 

8-  =  c8(G)  -  S0{*/2}  4-  v8(v)  -  6B{3*/2) 

(8-36) 

8,.  *  2[s8v  ;  -  y8(*)J 

!p  17'. 
i&— it  j 

B3  »  -2[b8(»/2)  -  68(3tt/2 } ] 

(8-38) 

4.  THE  GENERAL  FORM  G-  THE  NONCHAnAC7ERISTlC  RELATION 

In  the  development  ef  the  sscor.d-order  ruenerical  schema  Sutler 
(12;  52}  alloyed  the  parametric  form  of  s  particular  nonchsraeterlsVc 
linear  combination  of  the  system  of  differential  equations.  Thi*  rela¬ 
tion  Is  obtained  by  the  s &m  techniques  which  were  used  to  obtai r,  the 
general  form  for  Eq.  (8-17).  Equations  (8-18)  through  (u-21)  are  again 
synssed,  only  this  time  using  the  respective  multipliers  a,  -s*  y  and  -o. 
After  rearrangeiisnt  and  use  cf  Eqs,  ( B-22 )  through  (8-26).  the  following 
relation  Is  obtained; 


Alv  M3Jv/3*i>  c  S1  +  C2v  vi'3V  3V  ’  C3v 


(0-39 ) 


where  the  coefficient  A,  ,  81s  C9  and  C,  sre  the  Sons  as  the  correspond 
ing  coefficients  in  Eq.  (B-17).  The  reason  that  this  particular  differ¬ 
ential  relation  is  required  will  become  apparent  in  the  scurs?  of  develop 
ment  of  the  numerical  Integration  technique  contained  in  the  following 
section. 


96 


THE  SECOND-ORDER  NUMERICAL  SCHEME 


The  two  equations,  Eqs.  (S-17)  and  (8-39} t  form  the  basis  for  a 
numerical  scheme  which  can  be  used  to  compute  the  values  of  u  correct 
to  second  order  at  any  ooint  x.  =  a,,  when  the  u  are  aiven  on  some  space- 
like  surface  f(x^)  3  0  near  the  point  a*.  The  solution  can  then  be  ex¬ 
tended  to  a  family  of  surfaces  of  which  f  =  0  Is  a  typical  mss&er. 

Consider  Eqs.  (B-17)  and  ( 8-39 )  written  In  operator  notation  for  the 
directional  diffsr§nt1§1§  along 


direction 


bicharacteristic  direction,  and  the 
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where  the  subscript  i  denotes  the  bl characteristic  direction,  cor¬ 
responding  to  the  value  of  9  at  the  point  under  consideration  and  the 
subscript  x  denotes  the  direction.  The  bi characteristics  through  the 
point  a.,  intersect  the  space-like  surface  f  ~  0  $t  finite  values  of  t, 
so  that  the  bi characteristic  corresponding  to  a  particular  value  of  e 
and  starting  at  meets  f(x^)  =  0  at  t  =  -t(s).  Equation  (8-17) 

written  in  finite  difference  form  correct  to  second  order  in  t,  using 
the  modified  Euler  scheme,  is 


A  ,[u ,(»)  -  u  (f)]  =  {§  +  i  [S(a)  +  ${f)3!  tfs)  *  D(t3}  (B-42) 


where 


S  =  C(v^cose  -  ursine) 
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The  notation  a  (a)  is  used  to  denote  iuf.  va'. 
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at  the  point  x,  *  a.  and  u  (f)  to  denote  th«* 
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j«s  of  the  dependent  variables 
valjes  of  the  dependent 
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variables  so  the  point  at  which  the  bl characteristic  correspond  r:e  to  e 
meets  the  surface  fi'^}  »  0.  The  quantities  u  (a)  and  u  (?)  appealing 
Ui  Eq.  1 3-4? i  at*  assumed  correct  to  order  0{t2}  while  the  Quantities 
■%*  a*S{s)  sr*^  S(f  <  ns-ed  only  bs  correct  tc  order  0(t). 

ine  vector  at  5  point  can  be  any  direction  Interior  to  the  char- 
Sv-tcf  s 2 v : s  cos*0 ;  thus  the  di recti c-n  ot  is  now  chcssn  such  that 
“ly  -  ’vJ  throughout  the  lx-.  ,x~ space.*  The  vanishing  of  C-j  is  essen- 
v;sl  to  the  procedure  used  to  ei  1  sni nets  the  terras  containing  derivatives 
ec  the  solution  point  a.,  In  Eq.  <8-42) ,  S(a)  now  becomes 


>l\~t  -  iC?  cose  +  C-.  sins)  (vH cosc*  -  p{s1ne)  (eu  /;x.) 

*'  '  *  V  1 


(B-46) 


'gv>  V3v*  vV® 3  xi'“  5n^  wi*'5uv/3xi'  srs  evaluated  at  x..  =  <*. . 

One  degree  of  freedom  remains  in  the  choice  of  the  reference  vector 
sev  *  u,-  ana  .  Butler  (12)  does  not  state  how  this  degree  of  freedom 
should  be  fixed  in  the  general  case,  but  arbitrarily  uses  the  base  co¬ 
ordinate  directions  to  fix  the  directions  of  ^  and  v.,  In  the  case  of 
two-dimensional ,  unsteady  flow,  and  for  three-dimensional ,  steady  flow 
states  that  this  -degree  of  freedom  "...should  be  specified  so  that 
and  end  their  derivatives  vary  smoothly  along  tna  bl characteristics 
and  streamline  used  in  the  integration."  Here  the  and  s..  for  the 
spec 1 71 c  cases  diirer  only  in  magnitude  from  the  and  in  the  general 
case.  At  this  point,  the  present  development  deviates  from  that  by  Sut¬ 
ler  and  an  alternate  choice  is  made  for  the  remaining  degree  of  freedom 
In  y,  and  v* .  This  degree  of  freedom  is  used  tc  select  an  orientation 
of  the  reference  vector  set  such  that  the  value  of  e  is  a  constant  along 
the  length  of  a  bi characteristic.  This  approach  has  the  advantage  that 
fewer  terms  remain  in  the  final  form  of  the  difference  equations  and  the 

numerical  scheme  for  establishing  the  orientation  of  the  y,  and  v.  refer- 

2  1 

ence  vectors  Is  simpler  than  the  corresponding  scheme  required  in  Butler’s 
approach  to  establish  the  variation  of  s  along  a  51  character! stl c . 

tn  order  to  scnieve  second-order  accuracy,  the  term  S ( 3 }  appearing 
in  Eq.  (b~$2)  must  be  evaluated  at  the  unknown  point.  Note  that  the 


•ft  is  not  clear  that  this  should  always  be  possible  and  Sutler  02,  52} 
states  this  without  proof.  However,  this  condition  can  be  satisfied 
tor  tne  cases  of  three-dimensional ,  steady  flow,  and  two-dimensional, 
unsteady  flow. 


QF, 


equation  for  S,  Eq.  (B-43),  contains  the  partial  derivatives  of  the  de¬ 
pendent  variables  at  the  unknown  point  a.  In  any  explicit  scheme  these 
derivatives  cannot  be  evaluated  until  after  an  entire  solution  surface 
has  been  calculated.  Therefore,  in  order  to  achieve  second-order  accur¬ 
acy,  the  terms  containing  derivatives  at  the  solution  point,  a,  must  be 
eliminated.  The  fact  that  an  infinite  family  of  &i characteristics  exist 
at  each  point  can  be  used  with  weighted  Integration  to  eliminate  the 
terms  containing  derivatives. 

Consider  Eq.  (B-42)  weighted  by  the  factors  [f(a)cos8]/t(&)  and 
[f(a)sinsj/t{s)  and  integrated  with  respect  to  s  between  the  limits  0  to 
2-  to  give 


(2"x  f(a)  A  cosads 

j0  ■  ” 


■tli T 


t2r,  f (a)u  (f)  A  cosede  f2s  _  , 

— - -Vyrrr~- - +  f(a)  Bcossds  +  0(f3(a))  (B-47) 

Jo  l[S}  Jo 


ana 


“■>>  j 


^2*  f (a)  A  sine 


_ v 

t(e) 


de 


r2z  f(a)u  (f)  A  sins 

I  V  V 

m 


-  .  3 

ds  +  |  f(a)  Bsineds  +  0(f  (a)} 

0  (B-48) 


where  f(a)  denotes  the  value  of  the  function  for  the  surface  f(x^)  =  0 
evaluated  at  the  point  ,  thus  the  ratio  f(a)/t  =  0(1),  Note  that  Eqs. 
(B-47)  and  (B-48)  do  not  contain  any  terns  involving  derivatives  of  the 
dependent  variables  and  the  integrals  are  in  terms  of  Known  quantities 
on  the  initial  value  surface  f(x^)  =  0. 

A  third  finite  difference  relation  is  obtained  from  the  differential 
noncharacteristic  relation,  Eq.  (B-41)  applied  along  the  curve  dx„,  =  x4dt. 
Suppose  that  the  curve  dx^  -  x,dt  meets  the  surface  f(x^)  *  0  at  t  s  -h, 
and  denote  the  value  of  u  at  this  point  bv  u  (h).  The  modified  Euler 

v  •  V  '  ■ 

Integration  scheme  is  used  to  obtain  a  finite  difference  approximation 
for  Eq.  (B-41)  which  is  correct  to  0(h2).  This  gives 
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■  iBI  +(1/3C(C2vv1  -  C3vu1)(3Uv/3)C1)] 


where 


xi  3i 


*  V2[{C2vVi  -  C3yy.Hauv/3x1}]tE_h}  h  +  0(h3) 


(B-4S) 


«1V  *  0/3  [A]v(a)  +  A-| v(h) 3 


(B-50) 


31  =  0/2)  [B1  (&)  +  B1  (h)] 


(B-51) 


Equation  (8-42)  is  weighted  by  the  factor  h/t,  which  is  of  order  0(1), 
and  integrated  with  respect  to  8  between  the  limits  0  <  e  £  2 it.  Subse¬ 
quently,  Eq,  (B-4S)  is  multiplied  by  *  and  subtracted  from  the  resulting 
integral  of  Eq.  (B-49)  to  obtain 


r2v  hA  d9  *  rZt  hu  (f)  A  de  * 
u  (a)  c  -f-  -  *A,  ]  =  j  — - — z — - —  -  «A,  u  (h) 

VI  **  1  T  i  T  »VV 


rh 


*  T[(c2vvi  '  c3vyi)(3uv/3xi)]t=-h 

f2“  -  *  i 

+  i  hBd&  -  «hB,  +  0(hJ) 

^  o 


(B-52) 


The  final  three  conditions  obtained  here,  Eqs.  (3-47),  (3-48)  and  (B-52), 
differ  from  those  obtained  by  Butler  (12)  by  the  absence  of  integrals  in¬ 
volving  S(f).  This  is  a  direct  result  of  the  choice  for  the  reference 
vector  set  x^,  ,  and  such  that  e  *  constant  at  all  points  along  a 

bi characteristic. 

Equations  (B-47),  (B-48)  and  (B-52)  ere  the  necessary  three  indepen¬ 
dent  equations  for  the  uy(a)  when  n  =  3.  If  n  >  3,  it  is  assumed  that 
the  additional  n-3  conditions  can  be  obtained  from  the  compatibility  rela¬ 
tions  corresponding  to  characteristic  surfaces  containing  the  curve 
dx^  =  t^dt.  None  of  these  conditions  involve  derivatives  of  the  depen¬ 
dent  variables,  u  ,  at  the  unknown  point,  x.  =  a.t  so  that  the  modified 

V  it 

Euler  integration  scheme  can  oe  used  to  obtain  finite  difference  relations 

which  can  be  solved  simultaneously  with  Eqs.  (B-47),  (B-48)  and  (B-52) 

2 

to  obtain  a  solution  locally  correct  to  order  0(t 
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6,  SYSTEM  CF  REFERENCE  VECTORS 

The  reference  vector  set,  >iS  and  must  be  established  in 

it  i 

order  to  evaluate  the  integrals  appearing  in  E^s.  (S-47).  (B-4S)  and 

(5-5?).  As  stated  previously,  is  chosen  such  that  the  coefficient 

C,  vanishes  throughout  the  (x-. ,  x0.  x~)  space.  In  addition  the  vectors 

are  required  to  be  mutually  “orthogonal”  in  the  sense  that  the  “scalar” 
-1  -1 

products  AT:*,;,.,  a.7 -i,. ¥i  end  AT  1  . v- ^  vanish.  Eq.  (8-3).  One  degree  of 
1 j  i  j  «  J  <  J  -C  *  j 

freedom  remains  in  the  choice  for  «r,d  and  th*$  is  used  tc  satisfy 
the  requirement  that  the  integrals 


xi  '  °l 


j  ft 


(a,  +  i^cose  +  Vasins )dt,  (i  =  1,2,3) 


u,  e-cons tent 


1' 


{ B-53) 


for  a  cons  cant  value  of  e  define  a  bi characteristic  curve  as  o  function 
of  the  parameter  t.  The  characteristic  surface  element  through  the 
direction  (a^  +  u«cose  ♦  v^sine)  at  any  point  is  given  by 


*-l 


■  {x.  +  ujcose  +  v-sinsldx,  =  0 


(8-54) 


which  is  the  equation  for  an  element  of  the  tangent  plane  in 

normal  font:.  If  the  integral  of  Eq.  (B-53)  satisfying  Eq.  (B-54)  Is 

x«.  *  x,.(t,e),  then  -a  differential  el ement  tangent  to  this  surface  can  also 

be  expressed  as 


dx1  *  Ux,/ ?s)oe 


*  f  «. 


)dt 


(b-55) 


Substitution  of  this  expression  into  Eq.  (B-54)  must  yield  an  identity 
since  the  two  elements  coincide.  Thus, 


AT l ( x .  +  -.cose  -s-  y,.sine)(ex../ae)de 

O  j  J  u  '  « 

+  A'1  (>.,  +  u^cose  +  v.sine){3Xj/3t)dt  =  0 
1 J  ^  v'  w 

However,  a  curve  of  constant  s  is  a  bi characteristic  so  that 


(8-56) 


)x./ et  =  x,  +  -.cose  *  v 


sine 


(B-57) 


and  ths-s.  in  view  of  the  requirements  on  x1t  and  expressed  by 
r.os.  (B-7)  and  (8-8),  the  second  tars  of  Eq.  (B-5£)  vanishes  identically 
to  yield 


Aij!Ji  ♦  »i“M  +  »,«tnl!(»xp*  ,  ■  0 


{8-58) 


This  relation  is  sufficient  for  the  determination  of  the  remitting  degree 
of  freedom  in  the  reference  vectors  a-  and  v„-  relative  to  a  fixed  refer¬ 
ence. 


7.  SUHMAPY 

The  finite  difference  relations  which  have  been  developed  here  for 
the  general  case  can  be  used  in  a  variety  of  ways  to  obtain  a  nisoerical 
algorithm.  Orse  method  will  be  outlined  here  in  oroer  to  illustrate  the 
application  of  the  equations  which  have  been  developed. 

The  modified  Euler  integration  scheme  is  a  predictor-corrector  type 
schecs  in  which  a  system  of  nonlinear  difference  relations  are  solved 
by  iteration.  The  values  of  the  dependent  variables,  uv,  are  assumed  to 
be  known  at  discrete  aoints  on  the  initial  value  surface  fCx^}  *  9,  and 
the  solution  is  to  be  extended  to  a  set  of  corresponding  points  on  a  new 
surface  f'(x^)  =  0  which  is  sufficiently  close  to  the  initial  surface. 

The  integration  process  is  initiated  by  extending  the  curve  dx.  =  L,dt 
from  a  known  point  on  the  initial-value  surface,  f(x^)  *  0,  to  the  new 
solution  surface,  f'(x^}  =  0,  the  intersection  being  designated  a^.  The 
system  of  vectors  ^ and  v<  at  the  point  a^  are  established  so  that 
C,  =0,  the  conditions  given  by  Eqs. {B-7 )  and  (8-8)  are  satisfied,  and 
by  a  consistent  selection  for  the  one  remaining  degree  of  freedom.  Next 
the  intersections  with  the  initial- value  surface,  f(x^)  =  0,  of  the 
family  of  ^characteristics  passino  throuoh  the  point  zj  are  found  using 
Eq.  (8-53).  The  single  degree  of  freedom  for  the  choice  of  the  reference 
vectors  x4,  u4  and  v,  along  the  intersection  is  chosen  to  satisfy  a 
finite  difference  approximation  for  Eq.  (B-58)  relative  to  the  vector 
system  orientation  at  the  point  The  values  of  the  dependent  variables, 
u  ,  and  the  vectors  a,,  g4  and  v,  along  the  intersection  with  f(x, }  =  9 

V  s  I  1  5 

are  used  to  evaluate  the  integrals  which  appear  in  Eqs.  (8-47),  (8-48) 
and  (8-52).  The  resulting  three  equations  along  with  the  additional  n-3 
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equation^  along  the  curve  dx*  =  L^dt  can  be  used  to  solve  for  the  n 
values  of  u  {a). 

The  values  of  u  (a}  thus  obtained  are  mgaroed  as  the  predicted 
values  In  tne  modified  Euler  Integration  schene  and  these  values  are  sub 
sequently  used  to  repeat  the  entire  process,  using  averaged  coefficients 
to  obtain  the  corrected  values  for  u  (a).  The  iteration  process  is  usu¬ 
ally  applied  successively  until  the  values  of  the  dependent  variables, 
u  {a),  obtained  on  successive  iterations  agree  to  within  some  tolerance 
consistent  with  the  stoo  size. 


APPENDIX  C 

THERMODYNAMIC  RELATIONS  FOR  A  STRIATED  FLOW 

The  working  fluid  of  scramjet  and  rocket  exhaust  nozzle  expansion 
systems  Is  produced  by  combustion  of  a  fuel  and  an  oxidizer  stream,  each 
of  which  is  uniform  in  ccsnposition  and  stagnation  enthalpy.  The  stagna¬ 
tion  enthalpy  of  the  combustion  products  is  thus  a  single  valued  function 
of  the  local  oxidizer  to  fuel  ratio.  The  oxidizer  to  fuel  ratio  will  in 
general  have  spatial  variations  within  the  combustor  and,  therefore,  the 
stagnation  enthalpy  and  composition  of  the  fluid  will  have  spatial  varia¬ 
tions.  However,  since  the  flow  is  assigned  to  be  inviscid  and  strictly 
adiabatic,  no  diffusion  of  species  or  energy  occurs  and,  therefore,  both 
the  atomic  composition  and  stagnation  enthalpy  are  constant  along  each 
streamline. 

In  a  scramjet  combustor  the  stagnation  pressure  of  the  combustion 
products  will  in  general  vary  from  streamline  to  streamline  due  to  vari¬ 
ations  In  pressu^  and  velocity  of  the  entering  air  stream.  In  rocket 
systems  the  stagnation  pressure  after  coo£ustion  usually  can  be  assumed 
to  be  constant  throughout  the  flow  because  of  the  low  momentum  of  the 
entering  propellants  and  the  fact  that  the  combustion  occurs  at  low  sub¬ 
sonic  velocities. 

The  general  case  of  combustion  products  having  variations  in  both 
stagnation  pressure  and  enthalpy  w^Il  be  considered  in  the  thermodynamic 
model .  The  general  thermodynamic  relation  for  a  mixture  of  gases  in 
thermal  equilibrium,  but  chemical  nonequilibrium,  is 

.  n 

Tds  *  dh  -  —  dp  -  >  u  dc  (C-1 ) 


where  T  is  absolute  temperature ,  s,  h  and  *  are  tha  intensive  oroperties 

0- 

of  entropy,  enthalpy  and  chemical  potential  of  the  a  species  respectively, 
p  is  the  density,  p  is  the  pressure  and  c__  is  the  mass  fraction  of  the  a 
soeciss . 


m  '  'UIliu  >i  .1  utitlllt  llEuliU1  'till  1 1  iUU 


The  system  is  assuned  to  exist  in  a  stale  of  “frozen"  or  equilibria 
chemical  composition.  In  the  frozen  case  all  the  dc__  in  Ee.  (C-1 }  are 
zero,  and  for  the  case  of  chemical  equi librium,  no  net  change  in  the 
chemical  potential  of  the  system  occurs.  In  both  of  these  cases  the 
last  term  in  Eq.  (C-1)  is  identically  zero  -and  the  general  thermodynami c 
relation  becomes 


Ids  =  dh 


'  r 


•2} 


Equation  (C-2)  is  the  general  thermodynamic  relation  for  a  simple  system 
and  the  specification  of  any  two  thermodynamic  properties  is  =,*n' Ticient 
to  determine  the  state  cf  the  system  and  thus  ell  remaining  thermodynamic 
properties.  Equation  (C-2)  is  for  a  closed  system  and  applies  to  a  par¬ 
ticle  cf  fluid  as  opposed  to  a  fixed  point  in  space.  In  this  sense  the 
velocity  of  the  system  is  not  a  thermodynamic  variable  and  cannot  be 
determined  from  a  knowledge  of  the  thermodynamic  state.  Thus,  the  stagna 
tion  state  and  corresponding  properties  cannot  be  determined  unless  the 
system  velocity  is  specified  in  addition  to  two  thermodynami c  variables. 
It  follows  that  specification  of  any  two  thersodynaird c  variables  of  the 
stagnation  state,  in  addition  to  the  system  velocity.  Is  sufficient  to 


determine  the  thermodynamic  state  of  the  system. 

The  stagnation  enthalpy  of  a  fluid  which  is  generated  by  combustion 
of  oxidizer  and  fuel  streams,  each  having  constant  enthalpies,  is  a  single 
valued  function  of  the  oxidizer  tc  fuel  ratio.  If  the  fluid  has  spatial 
variations  in  the  oxidizer  to  fuel  ratio  then  corresponding  variations 
In  the  stagnation  enthalpy  will  also  be  present.  For  steady  flow  of  an 
inviscid  fluid,  no  diffusion  of  energy  or  mass  can  occur  so  that  the 
oxidizer  to  fuel  ratio  and,  therefore,  stagnation  enthalpy  are  constant 
along  the  streamlines  of  the  flow.  The  values  of  the  oxidizer  to  fuel 
ratio  ?nd  the  corresponding  stagnation  enthalpy  are  assumed  to  be  constant 
at  the  .alues  which  prevail  after  completion  of  the  mixing  and  combustion 
process.  Once  expansion  of  the  flow  begins  the  dissipative  processes 
very  rapidly  die  out  (i.e.;  the  gradients  decrease  except  in  a  thin  layer 
near  the  boundaries)  and  the  inviscid  assumption  Is  a  good  approximation. 

The  fact  that  the  stagnation  properties  are  constant  along  the 
streamlines  of  a  steady  and  Inviscid  flow  can  also  be  shown  by  less 


IflC 


heuristic  arguments .  C  .;sider  the  mechanical  energy  equation  which  is 
obtained  by  summing  the  Euler  momentum  equatior.s  after  multiplying  each 
by  the  corresponding  velocity  component,  i.e.* 

j { 3 U i / 3 X j )  +  (u^/p (3p/SX.j )  a  0  (r'*3) 
or,  in  terms  of  the  square  of  cne  velocity  magnitude,  qc  -  u^uJt 


i  i 


(u1/2)(aq2/3x1 }  +  (Uj/pHap/axJ  «  0 


(C-4) 


The  first  law  of  thermodynamics,  applied  to  a  particle  of  inviscid 
^luid*  yields 


du  B  6q  -  pd(l/p) 


(C-5) 


where  u  is  the  internal  energy  and  sqthe  heat  transferee!  to  the  system. 
The  flow  is  assumed  to  be  strictly  adiabatic  so  that  5q  s  0.  Thus, 


or  in  erros  of  enthalpy 


du  +  pd(!/p)  ~  0 


dh  ••  fi/p)dp  °  0 


(C-6) 


(C-7) 


When  the  differentials  of  the  dependent  variables  are  expressed  In  terms 
of  the  coordinates  for  a  point  fixed  ir.  space,  Eq.  (C-7)  becomes 


Uj(3h/3Xj}  -  (u1/p ) (sp/ax1 )  »  0 

Addition  of  Eqs.  {C-4}  and  (C-8)  yields  tne  result 

Uftah/axj)  *  (u1/2) < sq^/sx^ )  *  0 

2 

or  in  terms  of  the  stagnation  enthalpy,  H  -  h  +  q  /2, 

( 3'i/oX.j }  =  0 


(C-8) 


(C-9) 


(C-10) 
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Although  it  has  not  been  shown  here,  this  result  is  also  true  when  dis¬ 
continuous  changes  in  the  flow  properties  are  present  shocks). 

In  the  absence  of  discontinuities  In  the  fluid  properties;  the  first 
law  result,  Eq.  (C-7),  can  be  combined  with  the  general  tftermcidynamic 
equation,  Eq.  (C-2),  to  yield 


Tds  *  0  (c-ri) 

or  In  terms  of  the  coordinates  of  a  point  fixed  in  space  for  steady  flow 

U^(3S/3X,|)  =  0  (C-12) 

Thus,  the  entropy  is  a  constant  along  the  streamlines  of  the  flow. 

One  further  property,  the  stagnation  pressure,  can  also  be  shown  to 
be  conserved  along  streamlines  for  continuous  property  variations.  This 
can  be  sttn  by  placing  Eq.  (C=4)  in  the  form  of  a  directional  derivative, 
along  a  streamline,  of  a  single  property. 

Uj(a/»Xj)[p  +  J-/pd(q2}]  ”  0  (C-13) 

If  the  Integral  in  Eq.  (C-13)  Is  taken  along  a  streamline  such  that  the 
entropy  is  constant  and  the  limits  of  Integration  ere  from  a  point  on 
the  streamline  where  the  velocity  is  zero  to  s  point  where  the  velocity 
is  equal  to  q,  then,  by  definition,  the  conserved  property  ir.  Eq.  (C-13) 
is  the  stagnation  pressure,  i.e., 

fx?(q=q) 

P  s  p  *  !  p(3f  /3x*)dx.  (C-14) 

and  Eq.  (C-13)  becomes 

u^(sP/3x^)  »  0  (C-15) 

Thus,  the  steady,  inviscld  rnd  strictly  adiabatic  assumptions  yield  the 
result  that  the  stagnation  ththalpy,  entropy  and  stagnation  pressure  are 
all  constant  along  streamlines  for  continuous  property  variations. 
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The  fluid  gtr^citid  by  combustion  tt  a  given  oxidizer  to  fuel  r?.tio 
forms  a  simple  syst§m  In  the  stagnation  state  and,  therefore,  specifica¬ 
tion  of  any  two  stagnation  properties  H  sufficient  to  determine  the 
stagnation  state.  The  stagnation  entnalpy  of  a  fluid  generated  by  cos- 
bustier;  of  constant  property  oxidizer  and  fuel  streams  is  a  unique  func¬ 
tion  of  the  oxidizer  te  fuel  ratio.  The  resaining  properties  of  the 
stagnation  state  depend  in  addition  on  the  pressure  and  velocity  after 
ces^ustion.  Once  the  stagnation  state  Is  established,  the  properties 
along  a  particular  streamline  are  one-dimensional  functions  and  can  be 
characterized  by  specification  of  one  additional  property  such  as  pres¬ 
sure,  density  or  flow  velocity. 

For  this  development  of  the  numerical  mr'.nod  of  characters! tics, 
the  stagnation  enthalpy  and  stagnation  pressure  were  chosen  as  the  two 
variables  necessary  to  define  the  stagnation  state,  and  the  static  pres¬ 
sure  was  chosen  to  further  define  the  variation  of  thi  system  properties 
with  expansion.  Thus,  the  properties  density  and  speed  of  sound,  ex¬ 
pressed  functionally,  are 


p  s  e(p*  ?.  H) 


(C-16) 


a  *  a(p,  P,  H)  (C-17) 

For  a  thermally  and  caloric*!!)'  perfect  gas  the  relations  for  density 
end  speed  of  sound  are  analytic  expressions.  For  multi -component  systems, 
having  either  frozen  or  equilibrium  chemical  composition  with  real  gas 
effects,  the  density  and  speed  of  sound  must  be  obtained  by  means  of 
thermo-chew! cal  calculations.  The  relations,  Eqs.  (C-16)  and  (C-17), 
are  usually  obtained  as  tabular  functions-  Continuous  functions  must  be 
generated  either  b>  interpolation  or  by  fitting  empirical  expressions  to 
the  tabular  data. 
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APPENDIX  D 


CHARACTERISTIC  RELATIONS  FOR  STEADY 
SUPERSONIC  PlOW 


1 .  GENERAL 

The  general  theory  for  the  application  of  the  method  of  character¬ 
istics  to  systems  of  hyperbolic  partial  differential  equations  is  dis  • 
cussed  in  Appendix  A.  The  application  of  these  methods  to  the  system  of 
equations  for  a  three-dimensional  stationary  supersonic  flGw  is  presented 
herein.  The  characteristic  compatibility  relations  corresponding  to  all 
families  of  characteristic  surfaces  are  developed.  These  include  all 
the  characteristic  relations  required  for  application  of  the  general 
manerical  method.  The  possible  combinations  of  independent  compatibility 
relations  which  are  equivalent  to  the  original  system  of  partial  differ¬ 
ential  equations  are  also  investigated. 

2.  EQUATIONS  OF  MOTION 

The  equations  of  motion  for  stationary  supersonic  flow  in  three- 
dimensions  consist  of  the  three  Euier  momentum  equations,  the  continuity 
equation  and  the  conservation  equations  for  stagnation  enthalpy  and  stag¬ 
nation  pressure.  This  system  of  equations,  when  written  using  the  Krone- 
ker  delta  and  matrix  notation,  are  easily  recognized  as  having  the  sans 
general  form  as  the  general  system  of  quasi -11  near  partial  differential 
equations  discussed  in  Appendix  A,  Eq.  ( A-1 )  Using  this  notation  the 
equations  of  motion  are 


0  pUj 


pu. 


2  2  2 
pS  5^  pg  pg  S^.j 


21 

531 

0  ui 

0  0 


0  0 


0  0 


0  0 


3ui 

3X. 

3U2 

3Xi 

3U3 

sZf 

< 

3P 

3Xi 

3P 

3X^ 

1 

1 

3H 

J 

3X1 

(0-1) 


where  u  lt  u2,  u3  are  the  three  comporents  of  velocity,  p  Is  the  pressure, 
P  the  stagnation  pressure,  H  the  stagnation  enthalpy,  p  the  density  and 
a  the  speed  of  sound.  The  three  Independent  variables  are  the  rectangu¬ 
lar  cartesian  coordinates  x-j,  x2  and  *3  and  the  repeated  Indices  Imply 
summation  over  the  range  1  to  3, 


3.  CHARACTERISTIC  SURFACES 

The  characteristic  surfaces  of  the  system,  Eq.  (D-1),  are  obtained 
by  solving  for  the  left  eigenvector  which  will  reduce  the  system  to  an 
interior  operator  In  a  space  of  one  lower  dimension,  which  Is  called  a 
characteristic  surface.  Multiplication  of  Eq.  (D-1)  by  the  left  eigen¬ 
vector,  w  (v  =  1,2, ...6),  yields  the  single  equation 

2  2 
p(u1W1  +  a  511W4)(su1/3X1)  ♦  o(u.«2  +  a  621W4)(3U2/3X1 ) 

*> 

+  p(u,jW^  +  a  c3^a) \3u3/3x^ ,  +  ^  52iw2 

+  «3^3  +  UjWjHap/axj)  +  (u1w5)(aP/3x1)  +  (u.WgHaH/sx^  *  0 

(D-2) 


no 


The  coefficients  of  the  derivatives  in  Eq.  (D-2)  are  vectors  of  direc¬ 
tional  differentiation  and  Eq.  (D-2)  reduces  to  an  interior  operator  if 
all  the  coefficient  vectors  are  coplanar  (I.e.,  if  the  scalar  products 
of  the  coefficient  vectors  and  a  unit  normal  to  a  characteristic  surface 
all  vanish).  This  yields  a  system  of  six  homogeneous  and  linear  alge¬ 
braic  equations  for  the  six  components  of  the  left  elgnevector,  w  .  The 
system  of  equations  written  in  matrix  notation  is 
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where  the  are  the  components  of  the  unit  normal  to  a  characteristic 
surface.  A  nontrivial  solution  for  the  components  of  exists  if  the 
determinant  of  the  coefficient  matrix  vanishes.  This  condition  yields 
the  characteristic  equation  for  the  system,  i.e.. 


*3  A  O 

p  (uknfc)  [u^j  -  a  c.p  =  0  (D-4) 

Equation  (D-4)  has  the  same  general  form  as  Eq.  (B-l)  of  Appendix  B 
(i.e.,  a  repeated  linear  factor  and  a  quadratic  factor),  and  therefore 
the  general  numerical  method  described  in  Appendix  B  can  be  applied  to 
this  system. 

When  each  of  the  two  distinct  factors  of  Eq.  (D-A'  are  equated  to 
zero,  the  equations  for  two  real  and  nonintersecting  cones  are  obtained. 
The  first  factor  yields  the  equation  for  a  degenerate  cone  formed  by  all 
normals  to  the  direction  of  the  velocity,  i.e.,  a  plane  normal  to  the 


streamline.  The  reciprocal  cone,  the  corresponding  characteristic  cone, 

Is  also  degenerate  and  consists  of  the  line  segment  tangent  to  the  stream¬ 
line. 

When  the  second  factor  of  Eq.  (D-4)  Is  equated  to  zero,  a  quadric 
equation  for  a  right  circular  cone  is  obtained 

[i^Wj  -  a2^]  n^.n.  =  0  (D-5) 

The  cone  is  real  for  q  >  a,  where  q  is  the  magnitude  of  velocity.  This 
cone  is  called  the  cone  of  normals.  The  characteristic  surfaces,  which 
correspond  to  each  of  the  elements  of  the  cone  of  normals,  form  a  curved 
conical  envelope  v.  ich  is  called  the  characteristic  conoid.  The  bi char¬ 
acteristics  are  tn»:  curves  of  contact  between  characteristic  surfaces 
and  the  conoid.  The  tangent  planes  to  each  of  these  characteristic  sur¬ 
faces  form  an  envelope  consisting  of  straight  elements  which  is  called 
the  characteristic  cone.  The  geometric  relationship  between  these  con¬ 
ical  surface*  is  illustrated  in  Figure  0-1, 

The  characteristic  cone  is  the  reciprocal  cone  to  the  cone  of  nor¬ 
mals  and  the  corresponding  quadric  equation  is  obtained  by  the  inversion 
process  discussed  in  Appendix  A.  The  resulting  quadric  equation  for  a 
differential  element  of  the  characteristic  cone  is 

-  (q2  ••  a2)  dx^dxj  =  0  (0-6) 

which  also  only  represents  a  real  cor.«  tor  q  >  a.  The  curved  cone  ob¬ 
tained  by  integration  of  Eu.  (0-6)  is  called  the  characteristic  or  Hach 
conoid,  and  it  is  the  envelope  formed  by  all  characteristic  surfaces  of 
this  second  type  which  pass  through  each  point  of  the  space. 

In  summary,  two  families  of  characteristic  surfaces  exist.  These 
consist  of:  first,  all  surfaces  containing  the  velocity  vector  at  a  point, 
which  are  called  stream  surfaces;  and  second,  all  surfaces  tangent  to 
the  characteristic  conoid  at  a  point,  which  are  called  wave  surfaces. 


FIGURE  D-l.  RELATION  BETWEEN  CONE  OF 

NORMALS  AND  MACH  CONE 


4.  SOLUTION  FOR  THE  LEFT  EIGENVECTOR 


The  characteristic  compatibility  relation,  Eq.  (D-2)  is  an  interior 
operator  for  each  system  left  eigenvector,  w(  ,  obtained  by  solution  of 
the  homogeneous  system  of  equations,  Eq.  (0-3/  The  solutions  for  the 
are  arbitrary  to  within  some  constant  factor  since  the  system  is 
homogeneous.  Eve.'  neglecting  this  degree  of  arbitrariness,  an  infinite 
number  of  solutions  for  the  wtt  are  possible  since  two  infinite  families 
of  normals,  ,  exist  and  each  normal  yields  a  system  of  equations.  How¬ 
ever,  no  more  than  six  of  all  the  possible  solutions  for  the  wt  can  be 
independent,  since  each  independent  solution  yie'.^  -i  compatibility  re¬ 
lation  and  the  total  number  of  independent  compati b*‘  1  i ty  relations  can¬ 
not  exceed  the  nun&>er  of  original  differential  equations. 

The  number  of  independent  differential  compatib4 lity  relations 
whim  correspond  to  one  particular  normal  also  is  ecuil  to  the  nunber  of 

independent  solutions  for  the  w  .  The  general  form  and  number  of  inde- 

v 

pendent  solutions  for  the  w  corresponding  to  a  particular  normal  to 
either  of  the  two  types  of  characteristic  surfaces  are  established  by 
consideration  of  the  system  of  equations.  The  fifth  and  sixth  equations 
of  Eq.  (0-1)  only  involve  directional  derivatives  in  the  streamline 
direction  and  thus  already  appear  in  characteristic  form  (i.e.,  interior 
operators  on  stream  surfaces).  This  fact  also  is  evident  from  an  exam¬ 
ination  of  Eq.  (D-3),  because  the  variables  w-  and  Wg  have  only  zero 
coefficients  on  stream  surfaces  and  their  values  are  thus  arbitrary. 

First  consider  the  solution  for  w  on  the  stream  surfaces.  On  any 

y 

stream  surface  the  normal  is  ortnogonal  to  the  streamline  direction,  thus 

u4n4  =  0  (D-7) 
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(0-8) 


The  coefficient  matrix  of  Eq.  (0-8)  is  rank  two,  thus  the  number  of 
Independent  solutions  for  the  w  ,  incluclino  the  variables  wv  and  wv,  is 

U  D  v 

four.  The  most  obvious  four  independent  solutions  include  two  solutions 
for  a.  and/or  wg  nonzero  with  Wp  w^,  «3,  and  w.  zero  (note  that  *  0 
for  all  solutions),  end  any  two  independent  solutions  having  w.,  wg  and 
wg  zero,  with  the  components  Wp  w?  and  w^  orthogonal  to  the  norma i  np 
Next  consider  the  solution  of  Eq.  (D-3)  for  the  wave  surfaces  which 
have  normals  defined  by  the  second  factor  of  Eq.  (0-4).  The  scalar 
product  between  the  velocity  vector  and  the  unit  normal  to  the  wave 
surface  is  equal  to  the  local  speed  of  sound,  i.e., 

u^  =  a  (D-9) 


The  unknown  wg  appears  exclusively  in  the  fifth  equation  and  wg  appears 
exclusively  in  the  sixth  equation  of  Eq.  (D-3).  Thus  only  the  trivial 
solution  Mr  =  vfr  -  0  exists  for  these  two  elements.  The  system  of  equa- 
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The  coefficient  matrix  is  rank  three  and,  therefore,  only  one  independent 

nontrivial  solution  for  the  w  exists  for  each  wave  surface  normal.  For 

v 

the  arbitrary  choice  w*  =  -1,  the  solution  for  the  remaining  components 
yields  w,  s  anp  W£  =  ar^  and  w^  =  an-,  where  n, ,  n-  and  n^  are  the  com¬ 
ponents  c*  a  particular  wave  surface  normal. 


5.  COMPATIBILITY  RELATIONS 

The  general  forms  of  the  differential  compatibility  relations  which 
exist  on  each  of  the  two  families  of  characteristic  surfaces  are  obtained 


by  evaluation  of  Eq.  (D-2)  for  the  independent  solutions  for  w  .  On 

P 

the  family  of  stream  surfaces  it  has  been  shown  that  four  inoependenl 

solutions  for  the  w  exist  for  each  independent  stream  surface  normal 

u 

The  two  compatibility  relations  for  the  solutions  w^  or  Wg  not  z*re  with 
all  other  components  zero,  are 

u^(sP/3x^)  =  0  (D-U) 

and 

Uj{5H/5Xj)  =  0  (0-12} 


The  remaining  two  compatibility  relations,  corresponding  to  the  solutions 

for  the  w  havinc  w, ,  wc  and  wc  zero  and  two  indeoendent  sets  ot  values 

y  '  4  5  6 

for  Wp  Kp  and  w^  which  satisfy  the  requirement  of  orthogonality  with  , 

are:  for  w.j  =  ,  w?  =  an°  w3  ~  u3 

u1uj^3lV3xi'  *  V3p/3xi'  =  0  {0-12} 

which  is  Bernoulli^  equation  in  differential  form,  and  for  w^  *  S-| , 
w2  '  S2  and  w3  =  S3 


eSjU1(3Uj/3xi)  +  S^sp/sx^ -*  0 


(0-14} 


wi.era  the  are  the  component:  of  any  vector  orthogonal  to  the  stream 
surface  normal,  n,.  (i.e.,  S.^  =  0  and  is  independent  of  u.-}.  Equation 
(D-13)  contains  a  single  direction  of  directional  differentiation,  , 
while  Eq.  (0-14}  contains  two  such  directions,  and  ,  all  of  which 
lie  within  the  stream  surface  corresponding  to  the  particular  norma!,  n.. 

The  compatibility  relation  for  a  wave  surface  is  likewise  obtained 
from  Eq.  (0-2}  using  the  single  independent  solution  for  the  left  eigen¬ 
vector  corresponding  to  a  particular  wave  surface  normal 


(u.  -  6n1)(3p/3xi}  +  oa(asi j  -  n.ui}(3ui/3x:|}  = 


(0-15} 


The  fact  that  this  equation  only  involves  directional  derivatives  within 
the  wave  surface  can  be  seen  by  considering  the  scalar  product  between 


the  coefficients  of  the  derivatives  and  the  unit  noma!  vector  n^  (re¬ 
call  that  the  scalar  product  between  the  wavs  surface  normal  and  the 
velocity  vecto>*  is  the  soeed  of  sound,  n.u^  -  a). 

1  i 

Equation  { D - 1 5 )  contains  four  directions  of  directional  differentia¬ 
tion,  all  of  which  lie  within  the  wave  surface  havinc  a  normal  n* .  It 

'  1 

is  possible  to  express  all  four  directional  derivatives  in  terms  of  sr.v 
two  independent  directions  within  the  wave  surface,  and  by  so  doing,  to 
obtain  the  compatibility  relation  in  a  form  which  by  a  coordinate  2y5t^ 
rotation  reduces  to  the  form  of  the  general  compatibility  relation,  Eg. 
(A-36)  of  Appendix  A. 


6,  EQUIVALENT  DIFFERENTIAL  SYSTEMS 

In  the  previous  sections  the  number  of  independent  differential  com¬ 
patibility  relations,  for  a  particular  characteristic  surface  of  the  flow 
was  established.  However,  there  exists  a  doubly  infinite  number  of  char¬ 
acteristic  surfaces  at  every  point  of  the  flow  and,  as  noted  previously, 
the  total  number  of  independent  compatibility  relations  cannot  exceed 
the  number  of  Independent  differential  equations  which  comprise  the 
original  system.  Thus  it  is  necessary  to  further  establish  which  of  the 
possible  combinations  of  six  compatibility  relation:;  are  independent. 

These  question,**  can  be  ansvered  by  examining  the  matrix  whose  rows  con¬ 
sist  of  the  independent  solutions  for  the  w_  corresponding  to  each  of  the 
characteristic  surface  normals  being  considered.  The  rows  of  each  sixth- 
order  square  matrix  of  rank  six  which  can  be  formed  from  all  the  solutions 
for  the  wt  will  correspond  to  a  system  of  independent  differential  com¬ 
patibility  relations.  Although  a  wide  variety  of  combi  nations  will 
satisfy  this  requirement,  some  general  conclusions  can  be  drawn. 

It  was  previously  shown  that  on  a  single  stream  surface  four  in¬ 
dependent  solutions  for  the  w  exist.  However,  wA  Is  zero  for  all  solu¬ 
tions  and,  therefore,  any  sixth-order  matrix  formed  from  solutions  for 
the  w_  on  stream  surfaces  «I11  be  at  most  rank  five.  Thus  no  mors  than 
five  independent  compatibility  relations  exist  for  any  two  or  more  In¬ 
dependent  stream  surface  normals. 

It  was  also  previously  shown  that  only  one  independent  solution  for 
the  w  exists  for  each  wave  surface  normal.  In  addition  w-  and  wK  are 


zero  for  all  wave  surface  normals.  Toys  any  sixth-order  matrix  formed 
from  wave  surface  solutions  for  the  w  will  be  at  most  rank  four  and  no 
more  than  a  total  of  four  independent  wave  surface  compatibility  rela¬ 
tions  could  possibly  exist.  However  consider  the  determinant  of  the 
matrix  formed  by  four  solutions  for  the  corresponding  to  four  in¬ 
dependent  stream  surface  normals  {wc  and  w^5  which  are  identically  zero, 
are  omitted  since  they  have  no  effect  on  the  resulting  rank  of  the  matrix) 

1  -i  1  “! 

an^  an^  anj  -1  | 

2  2 

an^  ars, 

3  3 

an.j  an2 

4  4 

an^  an^ 

where  the  superscripts  denote  the  four  independent  normals.  The  four 
unit  normal  vectors  lie  on  the  surface  of  a  right  circular  cone  and 
therefore  the  end-points  all  lie  in  a  common  plana.  If  one  row  is  sub¬ 
tracted  from  the  remaining  three,  then  the  three  resulting  difference 
vectors  will  be  coplansr  and  therefore  dependent.  The  determinant,  Eq. 
(0-16),  Is  thus  identically  zero  and  at  most  cnly  three  wave  surface 
compatibility  relations  are  independent. 

It  is  now  clear  that  a  complete  system  of  six  independent  compati¬ 
bility  relations  cannot  exist  for  a  single  family  of  characteristic  sur¬ 
faces.  The  remaining  question  to  be  Investigated  then  is  under  what  con¬ 
ditions  will  a  combination  of  relations  on  the  two  families  of  character¬ 
istics  be  independent.  For  this  purpose  it  is  again  sufficient  to  examine 
the  matrix  whose  rows  consist  of  the  w_  corresponding  to  each  of  the 
characteristic  relationships  for  the  system.  If  all  the  rows  of  such  a 
matrix  are  found  to  be  independent,  then  any  set  six  of  the  w  rc-ws  of 
the  matrix  may  be  used  to  form  a  complete  system.  Each  particular  com¬ 
bination  of  eesipatibility  relations  must  be  examined  in  this  way.  Only 
a  few  combinations  of  interest  will  be  listed  here,  and  the  interested 
reader  is  referred  to  the  work  of  Rusanov  (8).  If  p  is  the  number  of 
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distinct  wave  surfaces  and  q  the  number  of  stream  surfaces*  six  indepen¬ 
dent  compatibility  relations  are  obtained  for 

1)  p  =  3,  q  =  1* 

2)  p  1 ,  q  *  2, 

3)  p  -  2,  Q  =  1, 

where  case  3  is  true  only  if  the  stream  surface  normal  is  not  orthogonal 

to  the  vector  defined  by  the  difference  between  the  two  wave  surface 
normals. 

It  is  now  clear  that  the  original  system  of  differential  equations 
can  be  replaced  by  an  equivalent  system  of  equations  which  all  have  the 
characteristic  property.  In  fact*  a  wide  variety  of  possible  choices 
exist  and  this,  perhaps,  helps  explain  the  rather  large  number  of  numer¬ 
ical  schemas  which  have  been  proposed. 

The  previous  discussion  of  interdependence  and  equivalence  of  dif¬ 
ferential  systems  pertains  only  to  a  point  in  the  solution  space.  When 
the  differential  system  is  replaced  by  a  difference  system,  the  number 
of  independent  relations  required  for  solution  will  depend  upon  the  order 
of  the  approximation.  In  general,  first-order  schemes  require  tne  same 
number  of  independent  difference  relations  as  number  of  independent  dif¬ 
ferential  relations.  Higher  order  schesas  will  require  additional  in¬ 
dependent  relations.  Some  difference  schesaas  have  been  used  in  which 
mere  than  the  minimum  number  of  independent  first-order  difference  rela¬ 
tions  are  used  and  a  solution  is  sought  in  the  least  squares  sense. 

These  schemes  have  only  first-order  accuracy,  but  may  yield  improved 
absolute  accuracy  and  stability  characteristics. 


APPFNDIX  E 


SECOND-ORDER  INTEGRATION  SCHEME  FOR 
THREE-DIMENSIONAL  steady  supersonic  flow 


1 .  GENERAL 

It  Is  initially  assumed  that  the  dependent  variables,  the  three 
velocity  components,  pressure,  stagnation  pressure,  and  stagnation  en- 
ial py,  are  known  to  seccnd-order  accuracy  over  a  space-like  surface 
f(x^)  *  o  (i.e.»  a  surface  whose  normal  vector  is  everywhere  interior  to 
the  wave  surface  cone  of  normals).  A  nur, erica!  method  1l  required  which 
can  be  used  to  compute  the  values  of  the  dependent  variables  at  any  point 
x^{6)  near  f(x^)  =  0,  see  Figure  E-l.  The  global  solution  can  then  be 
gene"ated  by  successive  application  of  the  basic  scheme  to  determine  the 
values  of  the  dependent  variables  on  a  family  of  surfaces  of  which 
fCx^}  *  0  is  a  typical  member. 

In  Aopendlx  8  a  general  numerical  scheme  is  developed  in  which  the 
infinity  of  bl characteristics  passing  through  a  point  are  used  by  weighted 
integration  of  the  corresponding  compatibility  equations  over  all  the  bi- 
cfcsracteristies.  The  weighted  integration  must  be  performed  numerically, 
which  results  in  an  excessively  laborious  scheme.  In  addition,  the  in¬ 
tegration  over  all  the  b'cheracteristics  is  not  necessary  in  order  to 
maintain  second-oras?*  accuracy.  A  simpler  scheme  results  whan  only  the 
minimum  s'a'fcer  of  hi  characteristics  required  for  second-order  accuracy 
is  used.  Thersfc?*,  the  approach  which  is  developed  herein  uses  the 
wave  surface  compatibility  relation  applied  along  only  four  particular 
bicharacteristics,  which  is  the  minima*1  number  compatible  with  seccnd- 
order  accuracy. 


2.  ORDER  OF  APPROXIMATION 


Before  proceeding  with  the  develops 
meaning  of  the  order  of  approximation  wi 


ent  of  the  numerical  scheme,  the 
II  be  reviewed  and  clarified. 


FIGURE  E-l.  INTERIOR  POINT  NETWORK 


,Lor  this  purpose  consider  a  power  series  expansion  in  one  independent 
varlablf  of  some  function  p{x) 


p(x  +  ax)  «  p(x)  *  (dp/dx)x  ax  4  {d2p/dx2 5^ ax)2/2 ! 

+  (a3p/dx~)x  Ux)3/3K.<dnp/dxn)x  (Ax)n/n! 
4-  (d^p /tor*\^x  (Ax)rH‘1/(n+l)S 


(E-l) 


where  0  <  3  <  1.  If  this  series  is  terminated  with  the  nth  term,  th^n 
the  error  in  the  approximation  of  p(x+^)  is  defined  as  the  absolute 
magnitude  of  the  remainder,  i.e,, 


*  *  I  ■’).)  j 


(E-2J 


The  approximation  is  «■  lid  to  be  accurate  to  order  t  and  the  order  of  the 
error,  e,  1$  n  +  1.  The  order  of  the  error  is  indicated  by  the  ordering 
symbol  0{axn+h  which  impMes 


11m  ! 

6X-»0  ] 


- 


(E-3) 


where  K  is  a  f-.nite  bound  for  the  ratio.  Clearly  the  er^or  can  be  made 
as  small  as  desired  by  reducing  ax  if  (r+1)  >  0.  However,  no  information 
regarding  the  actual  magnitude  of  the  error  for  a  given  va'=  *e  jf  ax  can 
be  deduced  from  a  statement  of  the  order  of  the  approximation.  The  oHer 
only  establishes  how  rapidly  the  error  will  be  reduced  as  tne  step  size, 
Ax,  is  reduced.  Thus  it  is  possible  for  two  different  numerical  schemes, 
each  having  the  same  order  of  approximation  (i.e.,  accurate  to  the  same 
order),  to  have  different  errors  for  equal  and  finite  values  of  ax. 

The  modified  Euler  predictor-corrector  riser  leal  Integration  scheme, 
which  is  used  in  tie  numerical  method  developed  in  Appendix  B,  has  a 
local  truncation  error  third  order  in  step  size  or,  equivalently.  Is 
accurate  to  second  order.  The  number  of  integration  steps  required  to 
advance  to  a  fixed  point  in  the  flow  is  assumed  to  fc-e  of  the  order  of 

=  -=ub  5  ;  5 


v-  -■  C  *  Cv  s  v  -  vvC  s 


n.°  step  size  (i.e.,  0(ax~!)), 
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truncation  error  at  a  fixed  point  is  second  order  in  step  size,  0{ixw}, 
and  thus  the  overall  scheme  is  accurate  to  first  order  in  step  size, 
O(ox). 

3.  DIFFERENCE  NETWORK 

The  difference  network  for  the  integration  process  consists  of  sec¬ 
ants  of  four  bi characteristics  and  the  streamline  through  the  solution 
point.  This  network  is  illustrated  in  Figure  E-l  and  the  points  at  which 
the  bicharacteri sties  and  the  streamline  intersect  the  initial 'value  sur¬ 
face,  f(x^)  =  0,  are  numbered  (1)  through  (5)  respectively.  The  integra¬ 
tion  process  consists  of  the  numerical  construction  of  this  network  and 
subsequent  integration  of  the  respective  differential  compatibility  and 
ordinary  relations  which  are  applied  along  these  directions. 

The  family  of  wave  surface  bicharacteristic  segments  through  a  point 
in  the  flow  space  are  represented  by  the  parametric  equations 

dx^  =  (u.j  +  ca<  cose  +  os*  sins)dt,  (i  =  1,2,3)  (E-4) 


where  the  are  the  components  of  the  velocity,  and  g.  are  unit 

vectors  such  that  u, ,  a<5  and  s<_  form  a  right  handed  orthogonal  system, 
t  is  a  parameter  proportional  to  length  along  a  bicharacteri Stic,  a  Is 
a  parameter  which  is  constant  along  a  bi characteristic  and  ranges  from 
0  to  2s,  and  c  is  a  veleity  defined  by  the  relation 


- 


,2n'«/2 
-  /  j 


mm'. 


The  parameter  c  can  be  geometrically  interpreted  as  the  velocity  of 
divergence,  relative  to  the  flew  velocity,  of  the  sy»*face  of  the  Hath 
conoid  away  from  the  streamline. 


The  form 


o*  hq.  ( 


ft— 4)  is  id^ntirs!  in  f 


form  to  that  proposed  by 


wever,  here  toe  vectors  a.  and  s,-  and  the  param 


Butler  (12). 

are  defined  such  that  e  is  a  constant  along  a  bicharacteri Stic.  The 
degree  of  freedom  in  the  choice  of  the  reference  vectors,  a*  and  s. ,  Is 
used  to  satisfy  the  requirement  that  the  bi characteristic  be  a  ling  of 
contact  between  a  characteristic  surface  and  tne  Mach  conoid,  see  Appen¬ 


dix 


En.  (8-S8).  mis  is  in  contrast  to  the  approach  used  by  But! 
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{12}  for  two-dimensional  flow  in  which  the  remaining  degree  of  freedom 
in  the  choice  for  a.,  and  8^  was  fixed  arbitrarily  and  e  was  allowed  to 
vary  in  order  to  satisfy  the  bi characteristic  condition.  The  present 
approach  has  the  advantage  tnat  a  considerable  simplification  of  tie 
nim^rical  scheme  results. 

The  parametric  equation,  Eq.  (E-4),  represents  an  element  of  the 
conoid  if  the  pseudo  “normalization"  and"orthogor.a1ityn  conditions, 

Eqs.  (S-7)  and  (B-8)  of  Appendix  B,  are  satisfied.  These  relations  for 
the  Mach  conoid,  defined  by  Eq.  (0-6)  of  Appendix  D,  are 

-  [tyjj  -  (q2  -  a  )6jj]  u^-  =  c  [u^Uj  -  (q^  -  a 

*  c2  [u^j  -  (q2  -  a2)61,]  S^Sj  (E-6) 


c  [»,«j  -  (q2  -  u,c,  =  c  [U,Uj  -  (q2  -  a2)^]  u,Sj 

=  c2[u^Uj  -  (q2  -  a2)a^]  a- 8j  *  0  (E-7) 


and  are  satisfied  for  the  orthonors*"5  choice  for  the  vectors  u^/o, 
and  8^, 


The  unit  normal 
parametric  represent 


to  the  ch 
*t;on  for 


Appendix  B  for  the  general  case}, 
of  a  plane,  which  is  tangent  to  t 
to  a  particular  bi characteristic 
equation  for  the  !hscn  r^noid,  Eq. 


oenera 


Jit"  i  * 

*  Ct'O  f  V  1  cw  - 


c-.ioi o  can  be  expressed  in  terns  of  the 
fci character! sties  (i.e.,  Eq.  B-l£  of 
Th*-  equation  for  a  differential  eleven 
-He  con,.- 1  d  at  the  apex  and  corresponds 
dented  by  a,  is  obtained  free?  the 
fr-€)  of  Appendix  0,  and  corresponds 
,  of  Appendix  3, 


TW  J  ~ 


IS 


|  Tf\5*  £  r,1  4  j*, 


anfi  tlisrsfoy 


i 


a  t^v tu i 


CtA*  jwira*  I 


vector  is  thus 
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n.j  =  [u^  -  (q  -  a  )«^](Uj  *  ca^cose  +  cs^sineJ/N 


(E-9) 

where 

N  =  {^uiuj  "  ^  “  ^ij^i  +  coss  +  cs^sins)x 

2  2  '.1/2 
[UjUk  -  (q  -  a  )6ik](uk  +  cc^cose  +  C8ks1ne)|  (E-10) 

When  the  orthonrrmal  properties  of  u^/q,  and  are  employed,  Eq.  (£-9) 
for  the  i'll  is  normal  can  be  reduced  to  the  form 

n^  *  (a/c) (cLf^/q  -  access  -  e^ins)  (£-11) 

The  condition  for  tangency  between  a  characteristic  surface  and  the 
Hach  conoid  (l.e.,  the  bicharacteristic  condition)  was  derived  for  the 
general  case  In  Appendix  B,  Eq.  (B-58).  The  form  of  this  relation  which 
corresponds  to  the  parametric  form  for  the  wave  surface  bi characteristics , 
£q.  (£-4),  and  the  equation  for  the  Hach  conoid,  Eq.  (D-6)  of  Appendix  D, 
Is 


+  cheese  ♦  C5jSin0){$x1./ss)  =  0 


(£-12) 


An  approximate  metrical  for&  of  this  relation  Is  used  to  establish  the 
remaining  degree  of  freedom,  relative  to  a  fixed  reference,  In  the  choice 
of  and  In  Butler's  proposed  approach  this  ssse  relation  Is  used 
to  determine  the  variation  of  5  along  the  bi characteristic,  the  remaining 
degree  of  freedom  in  the  vectors  and  5^  being  fixed  arbitrarily. 

The  local  difference  network  is  constructed  by  numerical  extension 
of  the  streamline  from  a  known  point  on  the  initial- value  surface  to  the 


new  solution  surface  and  the  subsequent  numerical  extension  of  the  fe=ur 
bi characteristics  back  frees  the  new  point  to  the  initial- value  surface. 
Tr.e  orientation  of  the  reference  vector  set  and  $.  is  set  at  the  new 
solution  point  and  the  orientation  of  the  reference  vectors  in  the 
initial- value  surface  is  established  relative  to  the  solution  point  by 
the  use  of  an  -approximate  form  of  Eq.  (E-12). 


The  parametric  equations  for  a  differential  segment  of  the  streamline 


are 


dx4  *  u,  dt  ,  (1-1,  2,  3) 

I  5 


(E-13) 


where  t  is  a  parameter  corresponding  to  time  of  travel  of  a  flu< j  particle 
along  the  differential  segment  dx^.  Application  of  the  modified  Euler 
integration  scheme  yields 


^(5)  -  xi(5)  -(l/2)[Ui(6)  +  ui{5)3*{5)  +  0{t3)  (i  *  i,  2,  3} 

(E— 14) 


The  ms4>ers  in  parentheses  refer  to  values  at  the  corresponding  points 
of  the  finite  difference  network  snown  in  Figure  E-l .  The  value  of 
t(6)  has  been  arbitrarily  taken  to  he  zero.  Equations  (E-14)  are  used 
to  solve  for  the  values  of  the  two  coordinates,  x^CS)  and  x-{6),  of  the 
new  point  and  the  parameter  t(5)  for  a  specified  value  of  the  remaining 
coordinate  of  the  new  point,  x-j{6).  Equations  (E-l A) involve  the  unknowns 
u^(5)  and  must,  therefore,  be  solved  simultaneously  with  the  governing 
difference  equations.  Since  the  resulting  equations  are  nonlinear,  the 
simultaneous  solution  must  be  obtained  by  iteration. 

Th-;  parametri .  equations  for  the  hi  characteristics ,  Eq.  (E-4),  are 


iiext  1i  tegrated  to  obtain  the  intersections  of  the  four  hi  characteris¬ 
tics  with  the  initial-value  surface.  Applying  chs  nodi fled  Euler  scheme 
to  Eq,  ( E— 4 }  yields 


^  (a) 


-  xAk)  *-0 /2}[u<(S)  +  c(6)3f (S)cos  s{S}  +  c(6)s4(5}sine(S} 


*  Uf  (k)  ♦  c{k)s.{k)cese(k} 


fk Hinaffcn  rfv\  - 


(E-l 5) 


where  the  index  k  is  used  to  denote  values  at  the  points  (1),  (2),  (3) 

5jyj  |  ^  1  ftf  ffsS  ‘jyf  rh  COrTES p0f=d  £  f  ^  ^0 


1/  c , 


*  ssjj  is 


respectively,  mess  choices  for  e(k)  result  in  form* 


**  Ks  1  ■»  -K;  x t  ^  ft  ;*h  Hee  vfrt  ft?  f  ha  flarki 


■  1  V*  :  W  =■— 


variables 


2  f"  f’hG 


point  appear  in  only  two  scalar  ter®.  These 


two  additional  terms  must  be  considered  as  unknowns,  since  the  derivatives 
cannot  be  eva^ated,  and  are  algebraically  eliminated  from  the  finite 
difference  fora  of  the  cwspatibility  equations.  This  permit?  the 
modified  Euler  integration  scheme  to  be  used,  and  hence  a  solu¬ 
tion  accurate  to  second  order  is  obtained. 

The  cfceoonenbs  of  the  reference  vector  set  which  appear  In  Eqs. 
(E-15)  must  be  *:*? tab  11  shed  at  point  (6)  and  at  the  four  points  on  the 
initial- value  surface.  The  orientation  of  the  network  is  established  by 
the  selection  of  a  reference  at  point  {6).  In  the  course  of  accuracy 
studies  it  was  determined  that  the  best  absolute  accural  resulted  if 
the  reference  at  po*nt  (6}  ‘.as  selected  so  that  the  vectors  and  s* 
straddle  a  plane  defined  by  the  velocity  vector  and  the  pressure  gradient 
The  pressure  gradient  at  point  (6)  is  not  known  until  a  cce^lete  solution 
surface  Is  established;  consequently,  the  pressure  gradient  at  point  {5} 
Is  used  to  define  the  reference  plane  for  the  orientation  of  and 
at  point  (6).  Although  the  best  accuracy  was  obtained  for  this  choice 
of  reference,  it  should  be  stressed  that  the  effect  was  very  mirer  and 
the  choice  of  any  other  reference,  such  as  one  of  the  base  coord*nate 
directions,  gave  essentially  as  good  a  result.  A  primary  consideration 
in  the  choice  o*  the  pressure  gradient  as  a  reference  was  the  fact  that 
more  symmetric  results  are  obtained  for  cases  having  axial  sys^try.  The 
additional  relations  required  to  establish  all  the  components  of  the 
reference  vector  set  at  point  (6)  are  the  normalization  conditions 


s^{6)aj(6)  *  S|(6}Sj{5)  =  1 


{ E— 16) 


and  the  orthogonality  conditions 


'Cl 

.■ 


s  _  /£\.,  fC\ 


(S/Uj 


(6) 


\  _ 


\&  - 1  ] 


The  components  of  the  reference  vectors  a^(k.-  vnd  s^(k),  (k  *  !,2,a 
at  the  intersections  of  the  four  hi  characteristics  with  the  Initial- value 
surface  are  determined  relative  to  the  choice  of  and  at  point  (6) 

such  that  the  tangency  condition,  Eq.  {£-12} ,  is  satisfied  to  sufficient 
order  of  accuracy.  For  this  purpose  it  is  necessary  to  develop  a  mser- 
Ically  useful  approximation.  When  Eq.  (E-12)  is  expanded  and  the 
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orthonormal  property  of  the  vector  set  a. ,’6i  and  ^/q  is  used,  the 
following  identity  results 

[a.CGse  +  3.sinO  -  u - c/q2 3  (3x^30)  =  0  (E-18) 


The  quantities  u. ,  a.,  6-  and  c  can  be  expressed  in  terns  of  the  param- 

III  A 

eters  t  and  i  to  sufficient  order  of  accuracy,  0(r  ),  by  power  series 
expansions 


u1  *  u. (6)  +  u.(e)t  +  0(t2) 

(E-19) 

a.  =  a. (6)  +  a. (e)t  +  0(t2) 

0— 20) 

3i  =  6^6)  +  8.(6U  +  0(t2) 

(E-21) 

c  =  c(6)  +  c(e)t  +  O(t^) 

(E-22; 

where  numera.s  in  parentheses  indicate  values  at  the  corresponding  net¬ 
work  points  md  parameters  in  parentheses  denote  functional  dependence 
of  the  coefficient  of  the  first-order  term  of  she  power  series  expansion. 
In  order  to  evaluate  the  derivative  (3x_j/30)  appearing  in  Eq.  (E-18), 
the  equation  for  the  surface  of  the  Mach  conoid  is  used  in  which  the  bi- 
characteri sties  are  the  curves  for  constant  values  of  0.  Such  an  ex¬ 
pression  car  be  obtained  by  integration  of  Eq.  (E-4). 


x,(M) 


xi(6>  "  j 


(u.  +  ccucose  +  c8^in8)  dt, 


(i  -  1 ,  2,  3)  (E-23) 


2 

The  integral,  correct  to  0 ( t  ),  is  obtained  by  substitution  of  the  series 
approximations,  Eqs.  (E-1S)  through  (E-22),  into  Eq.  (E-23)  and  subse¬ 
quent  integration  with  respect  to  t.  Thus 
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x^(e,t)  -  x^(6)  =  [u. (6)  *  c(6)a,.{6}cos e  +  c(6)3^(6)s1ne3t 

+  [u^(8)  +  c(6)a^ (6)COS0  +  c(9)a^{6)cOS6 
+  t(6)$1.  (e)sirie  +  c(9)fi.j(6)s1ne3(t2/2}  +  0(t3}  (E-24) 

An  approximate  expression  for  the  derivative  (3x^/36)  is  obtained  by 
differentiation  of  Eq.  (E-24)  with  respect  to  e 

sx^/se  =  c{6)[s«j (6}cose  -  ^(fOsinsjt 

+  |u/{6)  -  [c(6)a^{e)  +  c(9)a^{6)  -  c(6)6^!{6) 

-  c* (e}si (6)3s1ne  +  [c(6)g1 ’ (e)  +  c‘(e)a1(6) 

+  c(6)B^(e)  +  c(e)Bj{6)]cos8|  {t2/?}  +  C(t3)  (E-25) 

where  the  prime  denotes  differentiation  wUh  respect  to  6. 

In  order  to  complete  the  expression  of  Eq.  (E-18)  in  terms  of  the 
power  series  approximations,  an  approximation  for  q  is  required.  Recall 
that  q  =  u-ju^>  and  introduce  the  power  series  approximation  for  , 

Eq.  (E-19).  When  the  product  is  expanded  and  only  terms  of  order  less 
than  O(t^)  are  retained,  the  following  is  obtained 

q2  =  ^(6)^(6)  +  2  u1(6)u1(e)  t  +  C(t2)  (E-26) 

Expanding  q  by  the  binomial  theorem  and  again  retaining  only  terms  of 
0 

order  less  than  O(t')  yields 

q‘2  •  (q"2(6))[l  -  2ui(6)u1(8}t/q2(6)3  ♦  0{t2}  (E-27) 

When  the  power  series  approximations  for  u^,  c^,  c,  q  and  (sx^/30) 
are  substituted  into  Eq.  (E-13),  the  products  expanded  and  the  terms 
collected  into  powers  of  t,  a  power  series  in  t  is  obtained  which  must 
vanish  for  all  arbitrary  values  of  t.  Therefore,  the  coefficients  of 
the  series  must  individually  vanish.  Sufficient  order  of  accuracy  is 
obtained  if  the  coefficients  of  the  terms  up  through  second  order  vanish. 
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The  order  of  i.ccurscy  maintained  In  the  power  series  approximations  re¬ 
sults  In  comp  ete  coefficients  for  only  the  first  and  second-order  terms 
in  t.  No  seroth-order  terms  result  since  the  expression  for  (3x^/3e) 

Is  homogeneous;  In  t. 

The  coefficient  for  the  first-order  term  in  t,  equated  to  zero, 
yields 


-  c(S)[a,j (6)  cose  +  s^(6)  sine  -  (6)c(6)/q2{6)] 

x  [<*^(6)  sine  -  (6)  cose]  =  0  {E-28} 

Expanse  of  the  product  and  utilization  of  the  orthononral  properties 
of  ,  8j,  and  Uj/q  yields  the  result 

-  c{6)  [<^{6}  o^{6)  -  64(6)  B<{6)jsine  cose  *  0  (E-20) 


which  is  satisfied  identical*  Therefore,  no  condition  on  the  variation 
of  ^he  reference  vectors  and  Is  obtained  or  is  necessary  in  order 
that  Eq..  (£-18)  be  satisfied  to  first  order  In  t. 

The  coefficient  for  the  second-order  term  in  t,  equated  to  zero, 
yields 


aj 1  (e)cos8  +  6.j(e)sine  -  c{6)/q^(6)[u^ (e)  +  u^(6)c(e)/c{6) 
-  2u^ (6}Uj(6)Uj{8}/q2(6)]>  f-  c(6)tti- (6}sine 


*  c(6)8^(6)cosel  +  (l/2}[a^  (6)cose  +  s,,(6)sine 
-  u1(6}c{5)/q“{5}]  juj'(e)  +  [-  0(6)04 (a) 


-  c(e)a*{6)  +  s(6)34‘{e)  *  cs(s)si(6}]  sine 


*  [c{6)o/(3)  +  s ' (s)a. (6)  •>  c(6)8^(e}+  c(e)s^ (6)]  cose)  =  0 

(E-30) 


Expansion  of  the  product  terms  and  use  of  the  orthogonality  property  of 
the  vector  set,  a..  and  u^/q,  yields 
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c{6)q^ (S)a^ (s)sin8cos8  +  c(5)e^ (S}a: (ekos^e  -  c(6)o.j(6}s^{e)sin£6 

+  c,-(6)s1{6)p.(0)s1n6cose  +  rc2(6)/q?(g}3[ai(6)u1(e)sin5 

/ 

■  s* (6}u,i {g)coss]  +  (1/2)  <a^  (6}us. ' (ejcoss 
•  ■  (  *  < 

"  c(6ja^ (6)o^ (s}sinecose  c(6)^(S)s^(3)cos2e  -  e(s}si«8coss 

A  r 

+  c(6)a^(6)&^ ‘(ejces^s  +  c{S)oj(6}s, ! (s)sinecoss  *  c'Cskos^e 
*  8^(6)^ '(e)sine  -  c(6)6,(g)ai{a,sin2‘i 
+  c(6)g^(6}s^{8)s1n8COSS  +  c(e}s<?i9COS8 

(6)o^ * (e)sinecose  +  c(6)s^(6)sJ* 1  (e }s1n”e 
T  c  CB)sin  6  (6}u,{6)/qz{6) j t-y. *(&• /c(6)  v  a4{6)sin9 


S^(e)cOS9  -  t.i  *  (8 )CQ$5  -  8^’(s)sin9]}  «  o 


(E-31 ) 


The  power  series  approximations.,  Eqs.  (t-19)  through  (E-22),  and 
the  orthononiial  property  of  the  vector  set,  u^/q,  and  ,  yield  ap¬ 
proximate  identities  which  can  be  used  to  further  simplify  Eq,  (E-31). 
These  Identities  need  only  be  accurate  to  zeroth  order  in  t,  since  any 
term  u(t;  in  Eq.  (c-3i)  becomes  O(t^)  in  Eq.  (E-1S).  Consider  the  scalar 
product  c^a. ,  which  has  the  value  unity,  and  expand  the  product  in  terms 
of  the  power  series  approximation  for  a.,  Eq.  (E-20).  The  resulting 
zeroth-order  identity  is 


n^(6)  Tt^(e)  =  0  *  0( t ) 


(E-32) 


Likewise,  for  g. . 


(E-335 


s^{5)  3^(e)  £0t  0(t) 


The  scalar  products  a<u^,  and  g^u^.  all  vanish  due  to  orthogonality. 
Thus,  expanding  the  products  in  terms  of  the  power  series  approximations, 
the  following  additional  zeroth-order  Identities  are  obtained 


o^eju^e)  »  -  ^(6)^(8)  +  Oft)  (F-34) 

<x1  (6)s1  <e)  =  -  S^fS^fe)  +  Oft)  (E-35) 

B1  (6)u1  (s)  =  u^Sjs.fe)  +  Oft)  fE-36) 

The  derivatives  with  respect  to  s  of  the  identities,  Eqs.  fE-32)  -  fE-36), 
are  also  correct  to  zeroth  order  in  t.  Thus 

af(6)ai'(8)  *  0  +  Oft)  (E-37) 

B1(6)S1,(S)  =  0  +  Oft)  (E-38) 

f£)u^ (9)  *  -  u^fSjo^'fe/  +  Oft)  ( E-3S ) 

"  f6)sjf9)  *  -  f6)a^ 1 (s)  +  Oft)  f E— 40) 

S^fsju^fe)  -  -  (6)5^  * (©)  +  oft)  (E-41 ) 


The  Identities,  Eqs.  fE-32)  through  fE-41),  permit  great  simplification 
of  Eq.  (E-31 )  to  obtain 


C(6)si(6)a1<e)  +  [c2f6)/q2(6)] 

+  [1  +  C2f6)/q2f6)] 


{6)sins  -  g^f6)cose]  u1 (s ) 
Ca,f5)cose  +  s^f6)sin8]u. 


(  ft  ' 


-  [cf6)ui(6)/q2(6)3ui!fe)  ♦  c*(e)  *  0  +  Oft)  fE-42) 


The  form  of  Eq.  fE-42)  is  not  unique  since  it  is  only  correct  to  zeroth 
order  in  t  and  the  particular  form  used  here  was  chosen  for  convenience 
since  all  forms  are  equivalent. 
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Before  Eq.  (E-42)  can  be  used  to  numerical ly  determine  the  remaining 
degree  of  freedom  In  the  definition  of  the  reference  vectors  and 
at  the  initial- value  surface,  the  quantities  u^(8),  u^‘{s)  and  c'(s) 
must  be  evaluated.  This  is  accomplished  by  again  employing  the  power 
series  -pc ^ximations  for  u^  and  c,  i.e.. 


u.  =  u.j{6)  +  (e)  t  +  OCt^} 


{ E— 43 ) 


c  =  c(6)  +  c(e)  t  +  0{t  ; 


(E-44) 


Differentiation  with  respect  to  t  and  ?  yields 

u,(e)  =  su^/st  +  0( t) 


( E— 45} 


=  3C/3t  +  0(t) 


{E-46) 


u 4  ( s ) 
1 


(8U^/3e)/t  +  0(t) 


(E-47) 


c'(e)  *  (3c/3s)/t  +  0(t) 


(E-48) 


Here  the  derivatives  of  u^  and  c  with  respect  to  t  and  e  may  be  evaluated 
at  the  initial- value  surface  rather  than  at  point  (6)  without  affecting 
the  accuracy.  This  is  possible  because  the  relation*,  Lq.  (E-45)  through 
(E-48),  need  only  to  be  correct  to  reroth  order  in  t. 

The  derivatives  with  respect  to  the  parameters  t  and  e  are  expressed 
in  terms  of  the  spatial  derivatives  by  means  of  the  chain  rule 


iu^/st  =  (su^/sx^ )(ax^/3t) 


(E-4D) 


3c/3t  =  (ac/ax^)(ax^/at) 


(E-50) 


3U.;/Se  =  {3U1/3X1){3Xj/3e) 


(E-51 ) 
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52) 


3C/38  *  (3c/3X,.}(dX./38) 

j  J 

The  derivatives  of  the  spatial  coordinates  with  respect  to  the  parameters 
t  and  8  are  obtained,  correct  to  zeroth  order  and  first  order  in  t  re¬ 
spectively,  by  dirterentiation  o?  Ep.  (E-23)  with  respect  to  t  and  e  and 
discarding  higher-order  terms.  This  yields 

3x^/3t  *  1 1^(6)  +  0(6)0,(6)0038  +  0(6^  (6)sine  +  0{t)  (E-53) 

and 

SX.j/38  =  C(6)  [-  ai(6)sin8  +  s ^  { 6 ) cos 6  ]fc  +  0(t~)  (E-5^) 

Substituting  Eqs.  (E-53)  and  (E-54)  into  the  identities,  Eqs.  (E-46), 
(E"47)  ana  (E-48),  yields  the  desired  expressions  for  u. (e),  u.’fs)  and 
c'(s),  i.e. ,  1 

ui(s)  =  [  u  j  ( 6 )  +  c(6)o<  (6)cos-3 

+  c(6)Sj(6)sin8](3u1/3x.j)  +  0(t)  (t-55) 

^  (-)  -  c(6)(-  aj{6)sins  +  Sj {6 )co$6 ) ( 3Uj  /cX^- )  +  0(t)  (E-56) 

c'(s)  =  c(6)(-  a.(6)sins  +  {6}cos8)(sc/3Xj)  +  0(t)  (E-57) 

J  J  J 

Equations  (E-o5),  ( E-56 )  and  {E-57}  are  used  to  evaluate  the  quantities 
u^s),  «. ' (e )  and  c'(e)  whi ch  appear  ir  Eq,  (A-42).  Thus  one  aquation 
Is  obtained  for  the  quantities  a^(s)  in  terms  of  quantities  at  point  {6} 
and  the  initial-value  surface.  Two  additional  independent  relations  for 
the  components  of  a,. (e)  are  obtained  from  the  orthonormal  identities, 

Eqs.  (E-32)  and  (E-34).  These  relations  are  in  terms  of  the,  as  yet, 
unknowns  at  point  (5)  and,  therefore, must  be  evaluated  on  each  iteration 
of  the  overall  scheme. 

she  equations,  lqs.  (E-42) ,  (E-32)  and  (E-34),  are  used  to  evaluate 

j, 

the  a. (e  ),  where  the  superscript  k  is  used  to  denote  the  four  values  of 
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3  (i.e.,  0*  s/2,  s  and  3s/2).  Thus  the  reference  vectors  -a*  and  at 
the  intersections  of  the  four  bi characteristics  with  the  initial-value 
surface,  relative  to  the  selected  orientation  of  these  vectors  at  the 
solution  point,  can  be  established  to  sufficient  order  of  accuracy  by  a 
two  term  power  series  expansion 


a,  00  =  a, (6;  *  a,(eK)t(k)  -  0{t“) 


1,  2,  3) 


(£-58) 


Once  the  components  a^(k)  are  established,  the  components  of  s^{k)  are 

obtained  by  means  of  the  orthonormal  property  of  the  vector  set 

and  u^/q,  since  the  values  of  are  known  on  the  initial- value  surface. 

The  values  of  the  dependent  variables  and  their  derivatives  with 
respect  to  two  independent  directions  within  the  initial -value  surface 
are  required  at  the  intersections  of  each  of  the  four  hi  characteristics 
with  the  initial- value  surface.  These  are  obtained  by  naans  of  second- 
order  polynomials  which  are  fit  locally  by  the  method  of  least  squares. 
Since  the  initial -value  surface  is  assigned  to  be  space-like,  the  system 
of  governing  partial  differential  equations  can  be  used  alone  with  the 
derivatives  within  the  initial -value  surface  to  obtain  the  partial  deriv¬ 
atives  of  all  the  dependent  variables  with  respect  to  the  three  spatial 
coordinates.  The  spatial  derivatives  of  the  variable  c  at  the  inter¬ 
sections  of  the  bi characteristics  with  the  initial- value  surface  are  also 
required  in  £q.  (E-57).  These  derivatives  can  be  expressed  in  tense  of 
the  spatial  derivatives  of  the  six  dependent  variables.  The  definition 
of  c,  £q.  (E-5) ,  is  differentiated  to  obtain 


ki 


=  {c3/a3){aa/ax<}  -  (cWHsq/axJ  , 


(1 


3)  (5-53) 


It  is  shown  in  Appendix  C  that  the  speed  of  sound,  a,  is  pro? 
sen ted  as  a  function  of  the  variables  p,  P  and  H,  l.e., 


2  =  2 D  H 1 

-  u\Kt :  *  * 8  / 


where  the  hat  denotes  functional  dependence  on  o,  P,  and  H.  Thus,  the 


?s/3X;  *  (di/tf-p)  (sp/sX^  )  +  (?£/S?}(3P/5X^  } 
+  {3S/3H} (sH/sx. )  ,  (1  *  1.  2,  3; 


*61 ) 


The  magnitude  of  the  velocity,  q,  can  be  expresses  as  a  scalar  product 


(E- 62} 


so  that  the  spatial  derivatives  of  0  in  ter®  of  the  derivatives  of  the 

fCivvi  vr  wv«fi/viiunwb  5fc 


3q/sx1  =  (u^/qHsu,/^),  (i  =  1,  2,  3) 


C  E— 63) 


Ceshinlng  Eqs.  {£-53},  {£-61}  and  {£-£3}  to  eliminate  the  derivatives  of 
a  and  q,  yields  an  expression  for  (;c/3xH)  on  the  initial- value  surface 
in  teres  of  known  quantities 


3C/3X,  *  Cc3/a3)[s«/ap)(sp/5xi)  +  ( sa/aP) {sp/s^1 ) 
+  (sa/sHHsH/sx^)]  -  {c3/q4}u,{su,/3x^} 


(E-64) 


The  parametric  equations  for  the  streamline  and  the  bi characteristics , 
Eos .  (£-14)  and  {£-15} ,  the  tangency  condition,  Eq.  (E-41),  along  with 
the  subsidiary  relationships,  comprise  a  system  of  difference  equations 
for  the  location  of  the  points  of  the  difference  network  relative  to  any 
one  fixed  point.  In  this  scheme  the  location  of  the  streamline  inter¬ 
section  with  the  initial- value  surface,  point  (5),  is  fixed.  In  addition, 
the  solution  point,  point  {6},  is  constrained  to  lie  on  an  a  priori 
selected  solution  surface.  The  difference  equations  are  used  to  establish 
the  locations  of  the  regaining  points  of  the  network .  Note  that  the  sciu- 
for  ths  Doi nt  locations  is  £xorassad  Illicitly  in  tsn^s  of  ths 

Vs1s4Av  Hfeftaftrtftftf  V? st  fka  M'jpt  nt  ( % t 

V2  ;  ytb  V  :  V  It  *  V  fC:  ;  C.u  :  S  v  W.-C  b  V  i  V  V  !  tr=  :  }p-j  !  :i  v  i  :  :i  *  s  v  /  }  »*u 

4 ft  r,f  yaH *[)]§§  fit  thS  fiS  V"t*  5jnO0 ts fid  1 000 


•=  ntersectl  orts  -ot  tris  di cnaractsri  stl  cs 


r  r  j  f  K  *K*  4  ns  es  t  v 


let . 


■  ^"tvvfb  ”W‘:  5  :::C5:  V  :  V^  b  , 


is  required  to  solve  this  systss  of  simul 
Before  discussing  the  relaxation  schsss. 


however.  It  is  first  necessary  to  develop  the  finite  difference  for®  rJ 
the  differential  equations  which  apply  along  the  stressline  and  the  bi¬ 
characteristic  s events  and  thus  obtain  sufficient  difference  relations 
to  determine  all  unknown  quantities. 

4.  FINITE  DIFFERENCE  FOR*  OF  THE  DIFFERENTIAL  EQUATIONS 

The  differential  relations  consist  of  thr  wave  surface  ccxsfitlbllity 
equation,  Eq.  (D-15)  of  Appendix  D,  applied  along  the  four  bicharacter¬ 
istics  of  the  network,  three  erf  the  stress  surface  ccspatibi  Hty  equations , 
Eqs.  {D-ll } ,  CD-I 2)  and  {0-13)  of  Appendix  D,  applied  along  the  stre»- 
line,  and  the  one  non-characteristic  dlffe^ntial  equation,  corresponding 
to  to.  (8-41)  of  Appendix  B  for  the  gerferal  sethod. 

The  wave  surface  compatibility  equation  can  be  expressed  in  teres 
of  the  parameters  of  the  wave  surface  hi characteristic  parameterization 
by  substitution  of  the  expression  for  the  wave  surface  normal ,  Eq.  {£-!!), 
into  Eq.  (D-'C)  of  Appendix  0.  The  orthonoma  1  property  of  the  vector 
set  u^/q,  a.j  and  yields  the  following  identity 


°i“j  *  5i5j  +  “iV*  ‘ 


\  —  / 


which  can  be  used  to  simplify  the  wave  surface  compatibility  relation 
to  obtain 


i 


pc{c.coss  +  £f sins )d-u.  - 

1  t  II 


-  sc‘(s..sin5  -  s,cos5)(s.sin; 

s  *  1 


i4cos6){5U,/«x.)dt 


(E-66) 


where  the  subserfot  I  on  the  directional  differential  operator  denotes 
the  bi characteristic  direction  corresponding  to  the  value  for  s. 

The  one  nsncharacteri-tic  relation,  tne  equivalent  of  Eq.  {8-41)  of 
the  general  nuserical  scheie  in  Appendix  B,  can  be  expressed  in  terns  of 
the  wavs  surface  bi characteristic  parameterization  by  inspection  of  the 
parsetric  fom  for  the  save  surface  compatibility  equation,  Eq.  (E-56), 
and  use  of  the  relations,  Eqs.  (8-27),  (£-28)  and  (3-29)  of  Appendix  8, 
for  the  fors  of  the  general  compatibility  equation  coefficients,  see  Eq. 
(B-40)  qf  Appendix  B,  to  establish  the  respective  values  for  Av  f  5,, 


'2v  L3- •  AS£i!1  toe  indentity,  Eq.  (t-65),  Is  used  to  simplify  the 

resulting  expression  to  obtain 


d-p 

u 


S^S1}(3U,/dX  Jdt 


:-€7) 


where  whe  subscript  u  on  the  directional  differential  ooeretor  denotes 
the  3 trees line  direction. 

s.jfi  wfiVc  surface  ct^^atibi  1 1  ty  equation ,  when  pi  seed  in  finite  dif¬ 
ference  form  using  the  modified  Euler  integration  schessa  and  applied  along 
the  four  hi characteristics  yields: 
for  8  =  0, 


2lp(5)  -  p{l )]  +  Cc(6)c(6}a1 (6)  *  p{1 }c{l)3l(l)j  fu,{6)  -  (1 ) j 

~  te{$)c2{S)$,, (5)Sj(6}oU,/SXj (6) 

s  v  1  J 

*  oCU^CDB^djgjdjau^/axjCi)]  t(i)  +  o(t3}  (E-ss 

for  s  =  ?/2, 


2[p{6)  -  p(2 } j  +  [p{6}c(6}Sf {5}  ♦  o(2)c(2)&i{2}]  [u^(S)  -  uJ| {2} j 

*  [o{6}c2{6)a^{6}sj{6}3u^/3x^{6) 

*  "(-) C  (2)s^ {2)a?(2/3U^/3X^{2) 


for  s  *  ?•, 

2[p{6)  -  p { 3 ) ] 


l(2)i  t(2)  v  Q(tn  (E* 59} 


s{5)c(6)o^ (6)  +  o(3)c(3}o, (3)3  (u,(S}  -  (3) J 


■  p ■ O/C  s& 1r,  I  h it ,5  n !5n. /* V  f S j 

ivi  —4  '  w  /  k‘  1  \vf  *'*•4/  \  V  / 


d{3)c"{3)=£^{3)s .{3)?uf/tx<{3) j  t(3)  +  0( t^)  (£-70 ) 


and  i'sr 


3-/2, 


2 [p(6J  -  p{4 } 3  -  [o(6)c(ot,(6)  ♦  d{4}c(4£  ,{4)3  ^{g}  .  ^(4,] 

*  [p{65c2{6}af(5}a,{5)3^/3s<{6) 

v  '  J 

*  p(4}c2{4}a1(4}a..{4}3u1/3xj(4)]  t{4)  4  0{t3)  {£-71) 

rf>sre  tbs  notation  au^/sx^k)  means  the  value  of  the  derivative  at  the 
pwlnt  (k),  (k  =  1,  2,  3,  4,  5)  and  t{6)  has  been  arbitrarily  taken  to 
be  zero  as  before.  Bernoulli’s  equation  and  the  one  noncharacteristic 
relation  are  applied  -;n  finite  difference  form  along  the  streamline  seg¬ 
ment  free  point  (5)  to  point  (5)  to  obtain 

2[p{6)  -  p{5) j  +  r-(6)u1(6) 

*  o(5)ui (5)j  ^{5}  -  u1  (5)3  -  0  *  0(t3}  {£- 72) 


2[p(5}  -  p(5)3  *  <  o(6)c2(6)[a1(6)aj(6) 

+  S1C6}sJ(6)l5ui/5xJ{6)  +  oiS^'SKa^B'ja^} 

*  B1(S)si(S)]du1/iXi(S)  )  t(5)  =  0  +  0{t3)  (E-73) 

*  v  *  */  / 

Note  that  the  six  finite  difference  equations;  cos.  (E-68)  through  (E-73), 
are  nonlinear  since  the  unknown  quantities  at  point  (5)  also  appear  in 
the  coefficients  of  the  differences.  Also  note  that  none  of  the  equations 
directly  involve  either  of  the  dependent  variables,  the  stagnation  pres¬ 
sure  or  the  stagnation  enthalpy.  The  two  compatibility  relations,  Eqs, 
(D-11)  and  (0-12)  of  Appendix  D,  which  involve  these  variables  are  inde¬ 
pendent  of  the  resaining  systan  of  differential  cospatibi lity  equations 
and  yield  the  siwle  result  that  both  the  stagnation  pressure  and  enthalpy 
are  constant  along  a  given  streamline  and  the  solution  for  this  case  is 


P(6)  =  P(5) 


(E-74) 


and 


H(6)  *  H(5) 


(E-75) 


6.  ITERATION  SCHEME 

The  nonlinear  nature  of  the  system  of  difference  aquations  necesi- 
tates  that  an  iteration  scheme  be  used  to  obtain  the  solution  at  each 
point  in  the  flow.  The  particular  iter&tio?  schema  employed  here  Is 
Initiated  by  first  estimating  values  for  the  dependent  variables  at  the 
unknown  point,  point  (6).  The  initial  estimate  is  obtained  by  either 
taking  a  two  term  power  series  expansion  about  the  fixed  point,  point  (5), 
or  If  this  estimate  exceeds  the  theoretical  maximum  velocity,  by  assum¬ 
ing  the  values  at  point  ($)  to  be  the  same  as  tho--*  at  point  (5).  The 
estimated  values  of  the  dependant  variables  at  point  (S)  ere  then  used 
to  calculate  the  coefficients  of  the  difference  equations  for  the  stream¬ 
line,  Eq.  (E-14) ,  which  can  then  be  solved  for  the  coordinates  of  the 
intersection  of  the  streamline  with  the  fixed  solution  surface. 

Next  the  four  bi characteristics  are  extended  back  to  the  initial- 
value  surface  to  obtain  the  coordinates  of  the  Intersections,  i.e., 
points  (1),  {2).  (3)  arid  (4),  see  Figure  E-l  .  The  parametric  equations 
for  the  bicharacteristics,  Eq.  (E-15),  involve  the  values  of  the  dependent 
variables  at  the  respective  Intersections  with  the  Initial -value  surface 
and  therefore  must  also  be  solved  Iteratively.  This  is  accomplished 
initially  by  assuming  the  values  for  the  dependent  variables  at  the  four 
points  to  be  the  same  as  those  at  the  fixed  point,  point  (5).  Once  the 
four  intersections  of  the  bi characteristics  are  located,  the  values  of 
the  dependent  variables  are  obtained  by  interpolation  within  the  Initlsl- 
vaiue  surface.  Finally,  the  values  of  the  dependent  variables  thus  ob¬ 
tained  at  the  Intersections  of  the  bicharacteristics  with  the  Initial- 
value  surface,  points  {!},  (2),  (3)  and  (4),  and  the  estimated  values  at 
point  (6)  are  used  to  evaluate  the  coefficients  of  the  six  finite  differ¬ 
ence  forms  of  the  differential  equations,  Eqs.  (E-58)  through  (E-73). 

These  equations  are  linear  and  can  be  solved  simultaneously  to  obtain 
corrected  values  of  the  dependent  variables,  and  p,  and  the  two  scalar 
quantities,  a.,a<3u,/DXi  and  s,e,3u.,/3x at  point  (6). 

1  J  i  •'  I  J  1  j 
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The  entire  process  is  successively  repeated  using  the  values  of  the 
dependent  variables  at  points  (1),  (2),  (3)*  (4)  and  (6}  which  were  cal¬ 
culated  on  the  previous  iteration  as  new  approximations.  This  iteration 
process  is  continued  until  the  values  of  the  dependent  variables  obtained 
on  consecutive  iterations  agree  to  within  a  fixed  tolerance.  Usually 
less  than  five  iterations  are  necessary  to  obtain  a  fractional  differ¬ 
ence  less  than  0.0001 . 

6.  CONDITIONS  FOR  A  DETERMINANT  SYSTEM 

In  describing  the  relaxation  scheme  for  solving  the  system  of  dif¬ 
ference  equations  it  was  tacitly  assumed  that  the  equations  were  indepen¬ 
dent  and  the  system  was  determinant.  Unfortunately,  no  precise  test  for 
independence,  such  as  that  described  in  Appendix  A  for  differential  equa¬ 
tions  and  linear  difference  schemes,  exists  for  nonlinear  difference 
equations.  Normally  one  would  be  tempted  to  require  that  the  difference 
relations  be  independent  in  the  limit  as  the  differences  approach  zero. 
However,  this  is  an  overly  severe  requir  mzt  since  schemes  having  ac¬ 
curacy  higher  than  first  order  are  meaningless  in  the  limit  and  the  in¬ 
dependence  of  equations  comprising  such  schemas  must  be  considered  at 
finite  step  sizes.  The  only  conflict  between  the  present  scheme  and  the 
results  for  Independence  of  differential  compatibility  relations  obtained 
in  Appendix  D  fs  in  the  number  of  bl characteristic  compatibility  rela¬ 
tions  which  are  independent.  The  results  of  the  analysis  of  independence 
for  differential  systems,  which  is  the  same  as  for  lii.ear  difference 
systems,  showed  that  at  most  only  three  bicharacteristic  compatibility 
relations  are  independent.  The  present  scheme  uses  four  such  relations. 
The  apparent  conflict  is  resolved  by  the  fact  that  as  a  result  of  the 
second-order  integration  scheme  the  equations  used  in  the  present  scheme 
are  nonlinear  and  contain  two  additional  unknowns.  The  presence  of  the 
additional  unknowns  introduces  cdditlcni!  degrees  of  freed®*.  It  is  in¬ 
teresting  to  note  that  when  the  approach  using  weighted  integrations  over 
ell  bicharacteristics,  which  is  discussed  in  Appendix  B  for  the  general 
case,  is  used  to  eliminate  the  terms  containing  derivatives  of  the  de¬ 
pendent  variables  at  the  unknown  point,  then  only  three  independent  bi- 
characttrlstlc  relations  ar?  found.  However,  in  this  case  each  of  the 
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three  relations  Involve  Integrals  over  the  entire  family  of  ^character¬ 
istics  passing  through  the  unknown  point  so  that  In  effect  all  bichar¬ 
acteristics  are  used.  The  scheme  using  only  four  particular  bichararter- 
istlcs  can  be  viewed  ss  an  approximation  to  the  Integral  approach  *  thus 
providing  further  evidence  In  support  of  the  independent  o'  tne  system 
of  nonlinear  difference  equations. 

A  necessary  condition  fc r  a  determinant  system  of  equations*  even 
for  the  nonlinear  Case,  is  that  the  number  of  independent  relations  must 
just  equal  the  r/ssnber  of  unknowns.  That  this  is  true  for  the  present 
scheme  is  shown  by  s  count  of  the  number  of  unknowns  and  number  of  equa¬ 
tions.  At  the  salutlon  point,  point  (6),  the  unknowns  consist  of  the 
three  coordinates  of  the  point,  the  parameter  t  along  the  streamline, 
the  values  of  the  four  dependent  variables,  p  and  u^,  and  the  six  com¬ 
ponents  of  the  reference  vectors  and  ,  for  a  total  of  fourteen  un¬ 
knowns.  However,  the  integration  step  or  distance  between  the  initial 
value  surface  and  the  solution  surface  is  assumed  known,  which  eliminates 
one  degree  of  freedom,  thus  leaving  thirteen  unknowns.  At  the 
four  intersections  of  the  bi characteristics  with  the  initial  value  sur¬ 
face  there  are  a  total  of  thirty-six  unknowns  which  consist  of  the  two 
coordinates  cn  the  initial -value  surface,  the  six  components  of  the  refer¬ 
ence  vectors  and  s<  and  the  parameter  t  at  each  of  the  four  points. 
These  thirty-six  additional  unknowns,  the  two  unknowns  involving  the 
derivatives  of  the  dependent  variables  at  point  (6),  and  the  thirteen 
unknowns  at  point  (6).  make  a  total  of  fifty-one  unknowns. 

Next  consider  the  number  of  available  equations.  Equation  (E-14) 
yields  three  conditions  along  the  streamline  for  the  position  of  point 
(6).  Equations  (E-’S)  and  (E-17),  the  orthonomal  conditions  for  u^/q, 
and  and  the  definition  of  ,  provide  six  conditions  for  a  sub¬ 
total  of  nine  equations.  The  three  parametric  equations  for  each  of  the 
bicharacteristics,  Eq.  (E-15),  the  equation  for  the  a4  variation*  Eq, 
(E-42) ,  and  the  orthonomal  property  of  u{/q,  and  3^ ,  which  yields 
five  conditions,  constitute  nine  equations  for  each  ^characteristic  or 
a  total  of  thirty-six  equations  for  the  four  bicharacteristics.  The 
finite  difference  form  of  the  five  compatibility  equations  and  the  one 
noncharacteristic  equation,  Eqs.  (E-63),  (E-6S),  (E-70),  (E-71),  (E-72) 
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and  (E-73),  bring  the  total  number  of  equations  to  fifty-one.  Thus  the 
number  of  equations  just  equals  the  number  of  unknowns,  and  the  necessary 
condition  for  the  system  „o  be  determinant  is  satisfied. 

7.  BOUNDARY  POINT  CALCULATIONS 

a.  General .  The  properly  posed  initial -boundary  value  problem 
consists  of  initial  data  specified  on  a  space-like  surface  and  appropri¬ 
ate  boundary  data  specified  or  time-like  surfaces  whichaojcln  the  initial- 
data  surface.  The  boundary  data  may  take  the  form  of  solid  boundaries, 
constant  pressure  surfaces,  planes  of  symmetry,  or  shock  waves  (discsn- 
tinuity  surfaces).  The  first  three  boundary  conditions  share  the  common 
property  that  they  are  stream  surfaces  (i.e.,  surfaces  composed  of  stream¬ 
lines  and,  therefore,  time-like).  The  shock  wave  is  a  different  type  of 
boundary  condition  since  the  shock  surface  is  spaceOike  to  the  upstream 
flow  and  tins-like  to  the  downstream  flow,  thus  the  shape  of  the  shock 
wave  and  its  position  depend  on  a  portion  of  the  downstream  flow  as  well 
as  the  upstream  conditions.  The  Rankine-Hugoniot  relations  are  the 
boundary  conditions  which  must  be  satisfied  across  the  shock  surface. 

Two  type  of  shocks  can  generally  occur;  attached  shocks  originating  at 
concave  discontinuous  changes  ir  slope  of  the  boundaries,  and  Imbedded 
shocks  which  arise  within  the  f>ow  due  to  focusing  of  Infinitesmal  com¬ 
pressions,  The  first  type  of  shock  is  eliminated  from  the  present  prob¬ 
lem  by  the  initial  assumption  that  the  boundaries  are  smooth  (i.e.,  con¬ 
tinuous  first  derivatives).  The  presence  of  imbedded  shocks  cannot  be 
a  priori  excluded  and  in  general  will  be  evidenced  by  steep  gradients  in 
flow  properties.  This  type  of  boundary  condition  is  not  explicitly 
treated  ir  the  present  research;  howeyer,  the  presence  of  shock  waves 
■•ill  be  evidenced  by  the  formation  of  steep  gradients  within  the  flow. 

The  formation  of  an  actual  discontinuity  is  prevented  by  the  smoothing 
properties  of  the  interpolation  scheme.  If  the  gradients  become  too 
steep  (i.e.,  a  shock  too  strong  to  be  treated  in  this  manner)  the  numer¬ 
ical  scheme  breaks  down  and  the  solution  cannot  be  continued  further 
without  introducing  the  shock  es  a  boundary  across  which  discontinuous 
properties  are  permitted. 
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Oniy  the  modifications  to  the  basic  interior  point  numerical  scheme 
to  incorporate  stream  surface  boundary  conditions  will  be  further  de¬ 
veloped  herein, 

-pild  Boundary,  The  solid  boundary  condition  is  simply  that 
the  rlow  be  tangent  to  the  boundary.  For  this  purpose  It  is  sufficient 
to  specify  the  bounding  surface,  f(x1)  *  0,  and  its  first  derivatives, 
3f/ax^.  The  tangency  condition  then  replaces  one  of  the  conditions  nor¬ 
mally  satisfied  at  an  interior  point  cf  the  flow.  The  question  of  which 
condition  to  replace  is  easily  answered  since  initial  data  exist  only 
interior  to  the  boundary.  Thus  it  is  not  possible  to  find  four  bicher- 
acteri sties  through  the  unknown  point  on  the  boundary  corresponding  to 
values  for  9  that  are  multiples  of  ?./2,  which  all  intersect  the  initial- 
value  surface.  In  the  case  of  concave  boundaries,  it  is  generally  not 
possible  to  have  even  three  ^characteristics  which  exactly  intersect 
the  initial -value  surface,  see  Figure  E-2  .  However,  the  relative  cur¬ 
vature  of  the  boundary  is  assumed  to  be  sufficiently  small  so  that  the 
error  caused  by  extrapolation  beyond  the  boundary  to  the  intersections 
is  of  order  O(t^).  Thus  one  of  the  four  bicharacteristic  conditions  of 
the  interior  point  scheme  i's  replaced  by  the  tangency  condition,  i.e., 

Uf(6)  ni (6)  =  0  (E-76) 

where  n^{6)  are  the  components  of  the  outer  normal  to  the  boundary  at 
point  (6),  In  addition,  the  position  of  point  (6)  obtained  from  the 
streamline  integration  is  adjusted  along  the  direction  of  the  normal  so 
that  point  (6)  lies  on  the  boundary.  The  reference  vectors  a -  and 
are  chosen  at  point  (6)  such  that  3^  corresponds  to  the  outer  normal,  n^. 
■ite  vector  Is  subsequently  found  using  the  property  that  the  vectors 
u^/q,  u,j  and  si  form  an  orthonormal  set.  This  selection  of  the  reference 
vectors  has  the  property  that  the  three  oi characteristics  corresponding 
to  9  s  0,  r/2  and  *  intersect  the  initial- value  surface  interior  to  the 
boundary  for  convex  boundaries  and  intersect  most  closely  to  the  interior 
In  the  case  of  concave  boundaries,  see  Figure  E-2  .  At  point  (6)  the 
bl characteristics  corresponding  to  e  =  C  and  -  lie  in  the  elemental  tan¬ 
gent  plane  to  the  bomdary. 
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FIGURE  E-2.  physical,  boundary  point  network 


Tna  points  on  the  Initial-value  surface  which  are  used  for  irter- 
polation  a^e  again  chosen  as  a  set  of  mne  points  which  consists  cf  the 
streamline  Intersection  with  the  initial-value  surface,  point  (5),  and 
Its  eight  nearest  neighbors.  The  eight  nearest  neighbors  are  chosen 
using  an  Indlclal  stencil.  The  stencil  Is  varied  slightly  with  position 
on  the  boundary  of  the  array  In  order  to  obtain  the  nearest  neighbors 
uniformly. 

Thi  numerical  calculations  proceed  In  a  manner  almost  Identical  to 
that  for  the  Interior  point.  The  only  exceptions  are  that  tne  fourth  bi- 
charscteristic  Is  not  located  and  the  corresponding  compatibility  rela¬ 
tion  is  replaced  by  the  tangency  condition,  Eq.  (E-76). 

c.  Plane  of  Synsnstry,  Whenever  the  boundaries  and  the  initial  data 
possess  a  comnon  plane  of  syrnfistry,  the  number  of  point  calculations  can 
be  greatly  reduced,  since  only  one  sector  of  the  flow  needs  to  be  cal¬ 
culated.  The  remaining  sectors  can  be  found  by  reflection.  This  boun¬ 
dary  condi ti ot.  Is  particularly  simple  since  reflection  of  points  about 
the  plane  of  syrrnstry  can  be  used  to  produce  a  network  n  which  the  cal¬ 
culation  scheme  fcr  an  interior  point  can  be  used  without  modifl cation. 
The  nine  po'nte  or  the  interpolation  scheme  are  selected  such  that  three 
points  lie  on  the  plane  of  syasnstry  (i.e.,  adjacent  boundary  points), 
three  are  interior  points  and  the  remaining  three  are  the  image  points 
of  the  three  interior  points.  This  process  ensures  syiraietry  in  the  re¬ 
sulting  Interpolating  polynomials  and  thus,  in  the  interior  point  solu¬ 
tion.  This  technique  has  been  demonstrated  to  give  completely  satis¬ 
factory  numerical  results.  The  same  logic  *s  also  used  at  the  junction 
between  a  plane  of  synmetry  and  a  solid  boundary,  exeept  that  the  solid 
boundary  point  calculation  scheme  is  used  rather  than  the  interior  point 
scheme. 

d.  Constant  Pressure  Boundary.  In  the  ca.?a  e f  free  jets  expanding 
into  a  quiescent  .‘.tmosphere  without  mixing,  the  boundary  of  the  flow  Is 
a  stream  surface  of  constant  static  pressure.  The  boundary  condition  is 
simply  that  the  static  pressure  on  tfu  boundary  match  the  specified 
value.  Along  the  streamlines  the  entropy  and  stagnation  enthalpy  are 
constants  and,  since  the  static  pressure  is  known,  the  magnitude  of  the 
velocity  can  bo  established  directly.  Thus,  the  unknown  quantities  at 
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the  calculated  point  are  the  two  spatial  coordinates,  and  x3,  and 
two  components  of  the  velocity  (the  third  cenponent  of  the  velocity  is 
considered  known,  since  the  magnitude  of  the  velocity  is  known). 

she  rererence  vector  system  for  the  parameterization  of  the  Mach 
cone  is  chosen  such  that  si  coincides  with  the  unit  outer  normal  to  the 
constant  pressure  surface.  The  direction  of  the  outer  normal  coincides 
with  the  direction  of  the  pressure  gradient  since  the  gradient  is  normal 
to  a  constant:  property  surface.  The  pressure  gradient  is  known  at  point 
(5)  on  the  initial-value  surface  and  this  value  is  used  to  construct 
the  reference  vectors,  see  Figure  E *3. 

Once  the  system  of  reference  vectors  is  established,  the  calculation 
proceeds  in  a  manner  very  similar  to  that  for  the  solid  boundary  point, 

-ns  main  difference  being  that  Bernoulli's  equation  along  the  streamline 
is  not  required  since  the  pressure  and  the  velocity  at  point  (6)  are 
known.  The  three  compatibility  equations  along  the  three  bi characteristics 
and  the  one  non.characteristic  relation  along  the  streamline  are  used. 

These  four  relations  are  sufficient  to  determine  the  two  remaining  veloc¬ 
ity  components  and  the  two  scalar  functions  of  the  velocity  derivatives 
at  point  (6). 


FIGURE  E-3.  PRESSURE  BOUNDARY  POINT  NETWORK 


APPENDIX  F 


LEAST  SQUARES  BIVARIATE  INTERPOLATION  SCHEME 

In  the  numerical  integration  scheme  the  values  of  the  sis  dependent 
variables,  correct  to  second  order  in  step  size,  are  required  at  the 
Intersections  of  the  four  bicharacteristics  and  the  streamline  with  the 
initial -value  surface.  These  intersections  do  not  generally  coincide 
with  known  points  so  that  interpolation  is  required.  The  interpolation 
process  is  repeated  on  each  iteration  of  each  point  solution  In  the  in¬ 
tegration  process,  and  thus  speed  is  of  considerable  Importance.  In 
addition  to  the  requi resents  of  computing  speed  and  accuracy,  the  inter¬ 
polation  process,  in  combination  with  the  numerical  integration  scheme, 
must  be  metrical ly  stable. 

An  interpolation  scheme  using  locally  fit  second-order  least  squares 
polynomials  was  selected.  In  this  method,  second-order  bivariate  poly¬ 
nomials  which  have  six  coefficients  are  fit  to  s  local  group  of  nine 
points  by  the  method  of  least  squares.  The  nine  points  are  selected  as 
tbs  intersection  of  the  streamline,  along  which  the  solution  is  being 
advanced,  with  the  initial-value  surface  and  the  eight  nearest  neighbor¬ 
ing  points.  The  global  interpolation  process  thus  consists  of  the  use 
of  a  series  of  overlapping  two-dimensional  polynomial  fits. 

This  method  is  relatively  fast  since  a  system  of  six  linear  symmetric 
algebraic  equations  only  needs  to  be  solved  once  for  the  polynomial  co¬ 
efficients  at  each  point  in  the  numerical  integration.  Once  the  coef¬ 
ficients  are  obtained,  interpolations  during  each  iteration  are  made  by 
simoly  evaluating  the  Polynesia!,  Strict  second-order  accuracy  is  main¬ 
tained  only  if  the  minimum  nuecer  of  points  required  to  obtain  the  Lagrange 
interpolating  polynomial,  which  is  six,  is  used.  However,  the  loss  in 
accuracy  due  to  the  redundancy  introduced  by  using  nine  points  is  very 
small  and  is  more  than  offset  by  the  advantages  of  computing  ease  and 
stabilizing  effects. 
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The  least  squares  interpolation  technique  has  an  added  advantage  in 
the  solution  of  supersonic  f^ow  problems.  The  occurrence  of  shock  waves, 
i.e.,  discontinuities  <n  the  solution  surfaces,  can  generally  be  expected 
and  it  is  desirable  that  the  numerical  method  be  able  to  "tolerate** 
moderate  discontinuities  without  failing.  The  least  squares  interpola¬ 
tion  scheme  has  this  property  since  it  tends  to  spread  out  a  discontin¬ 
uity.  This  approach  results  in  some  loss  of  accuracy,  since  in  reality 
the  Rankine-Hugoniot  jump  conditions  should  he  Introduced  at  the  discon¬ 
tinuity  as  an  additional  boundary  condition.  The  latter  approach  greatly 
comoli cates  the  numerical  calculation  and  is  not  warranted  for  weak  shocks. 
In  the  case  of  strong  shocks,  the  shock  surface  should  be  introduced  es 
a  boundary  ani  located  by  simultaneous  solution  for  ooth  the  upstres* 
and  downstream  points  on  the  shock.  In  addition,  independent  interpola¬ 
tions  must  be  made  on  each  side  of  the  shock  intersection  with  the  in¬ 
itial-value  surface. 

The  bivariate  polynomial  which  is  fit  for  the  dependent  variables 
has  the  form 

u  =  A-  +  A^y  +  A^z  +  A^yz  *  *  AgZ^  (F-l) 


where  u  represents  any  of  the  six  dependent  variab'ss,  u. ,  p,  ?  and  H; 

A-j,  A^,  etc.  are  the  coefficients  corresponding  to  the  particular  depen¬ 
dent  variable,  and  y  and  z  are  rectangular  cartesian  coordinates  on  the 
planar  initial- value  5urf’,c*j.  The  nine  points,  the  streamline  inter¬ 
section  with  the  initial-yalue  surface  and  eight  surrounding  neighbors, 
are  used  to  obtain  the  least  squares  solution.  The  mesh  points  are  located 
in  each  initial -value  surface  in  such  s  way  that  they  can  be  ordered  in 
a  two-dimensional  array.  The  eight  neighbors  of  a  point  in  thr  two- 
dimensional  array  are  obtained,  to  close  approximation,  hy  a  staple  system 
of  stored  stencils  (i.e.  .lists  of  coordinates  for  neighboring  points). 
Thus,  the  neighboring  points  used  in  fitting  the  interpolating  polynomial 
are  readily  located  without  metric  information. 

Let  the  values  of  a  particular  dependent  variable  at  the  known  points 
be  designated  by  u.; ,  where  the  subscript  ranges  from  one  to  nine  and  is 
used  to  designate  any  group  of  nine  points  within  the  two -di nans ional 
ordering  scheme ,  Likewise,  designate  the  coordinate-  of  each  point  by 
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y ^  and  z^.  The  value  of  the  dependent  variables  calculated  from  the 
interpolating  polynomial  at  each  of  the  points,  designated  by  a  prime, 
is 


'V  E  *  *2yi  *  A32i  +  "^i2!*  2  +  Asz-{2 


(F-2) 


The  sisn  of  the  squares  of  the  differences  between  the  exact  values  ind 
the  values  obtained  from  the  interpolating  polynomials  at  each  point  is 
given  by 

SSQ  =  l  (u.  -u'}2 
1=1  1  1 

g 

=  ^  ~  ^i  “  -  ^’32i  "  ^i2i  ~  ~  A6Zi  ^ 

Here  the  repeated  indictes  do  not  imply  susnsation.  The  polynomial  co¬ 
efficients  are  varied  in  Eg.  (F-3)  such  that  a  minimum  Is  obtained  for 
SSQ.  The  necessary  conditions  for  a  minimum  are 
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Written  out,  these  six  conditions  take  the  form 
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where  z  Implies  suTmatiori  over  the  same  range  as  In  Eq.  (F-3).  Equations 
(F-5)  through  (F  *10)  are  a  system  of  six  simultaneous  linear  algebraic 
equations  for  the  unkn&ns  through  Ag.  The  coefficient  matrix  Is 
symmetric  and  depends  only  upon  the  coordinates  of  the  points  used  for 
the  least  squares  fit.  Only  the  nonhemogeneous  tesi.is  depend  upon  the 
values  of  the  dependent  variables.  Thus^  It  Is  only  necessary  to  Invert 
the  coefficient  matrix  once  in  order  to  obtain  solutions  for  the  ooly- 
ncmlal  coefficients  for  all  six  dependent  varieties  Each  solution  may 
be  ob taint'd  by  multiplication  of  the  respective  nonhemogeneous  vector* 
by  the  inverse  of  the  coefficient  matrix.  The  solution  for  the  poly¬ 
nomial  coefficients  Is  obtained  using  an  existing  IBM  computer  library 
subroutine  for  solution  of  systems  of  symmetric  simultaneous  linear 
algebraic  equations. 
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APPENDIX  G 


THE  OVERALL  NUMERICAL  ALGORITHM 


I .  GENERAL 

The  global  solution  is  obtained  by  an  overall  numerical  algorithm 
in  which  the  unit  processes  of  interpolation  and  single  point  integration 
are  systematically  applied  to  obtain  the  solution  for  a  particular  set 
of  initial  values  and  boundary  conditions.  The  objective  of  this  re¬ 
search  is  to  devise  an  algorithm  suitable  for  the  solution  of  a  wide 
variety  of  three-dimensional  internal  flows,  and  in  particular,  flows 
which  are  encountered  in  the  design  and  analysis  of  thrust  nozzles.  At 
the  present  time  very  few,  if  any,  three-dimensional  thrust  nozzles  have 
been  employed  and  sc  not  much  experience  exists  which  cm  be  used  as  a 
guide  for  determining  the  general  types  of  problems  to  ba  encountered. 

In  order  to  bring  the  scope  of  the  problem  to  within  practical 
limits,  the  following  assumptions  are  made  with  regard  to  the  geometry 
of  the  flow: 

(1)  The  boundaries  of  the  flow  space  are  everywhere  smooth  such 
that  the  cuter  normal  is  unique. 

(2}  The  cross  section  of  the  flow  space  is  simply  connected. 

(3)  A  single  direction  exists  such  that  the  plane  norms!  to  this 
direction  is  space-like  throughout  the  flow  (l.e.,  the  particular  direc¬ 
tion  is  everywhere  interior  to  the  cone  of  normals), 

(4)  Whan  the  flow  space  possesses  one  plane  of  symmetry,  the  normal 
to  the  cOiTiBen  space-like  plane  lies  within  the  plane  of  synsaatry. 

(5)  If  the  flow  has  two  or  more  planes  of  syusnetry.  the  normal  to 
the  cofiinon  space-like  plane  is  parallel  to  the  line  of  intersection  of 
the  planes  of  syurstry. 

Assumption  (1)  eliminates  th*  possibility  of  discontinuous  solutions 
at  the  boundary  (i.e.,  attached  shocks  or  Prana "1 -Meyer  expansions). 

This  assumption  is  not  particularly  restrictive  in  the  case  of  nozzle 


flews  since  other  design  and  construction  limitations  usually  prevent 
the  use  of  sharp  corner s  on  the  boundary,  Assumption  {2}  Is  not  a  re¬ 
sult  of  any  fundamental  limitation,  but  was  mads  In  order  to  simplify 
the  numerical  logic  {&n  annular  flew  is  §  typical  example  of  a  flow 
having  a  nans Imply  connected  cross- section).  Assumptions  (3),  {&)  and 
{5}  are  again  not  fundamental  limitations,  but  greatly  reduce  the  numer¬ 
ical  complexity  of  th?  overall  algorithm  while  not  seriously  reducing  tne 
range  of  practical  problems  which  can  bs  solved.  These  assumptions  per¬ 
mit  the  integration  ta  take  place  between  successive  planes  normal  to 
the  x,  coordinate  direction,  a  condition  which  was  assumed  in  the  develop¬ 
ment  of  both  the  Interpolation  and  integration  schemas. 

The  {r.?,  Xg)  coordinate  plane  must  b®  everywhere  space-Hks  to  the 
■T-ow*  which  means  that  the  total  angular  variation  of  the  streamlines 
across  the  flew  cannot  in  the  Unit  exceed  the  value  2(90 ~u),  where  y 
is  an  average  Mach  angle.  This  condi tier;  only  becomes  limiting  for  Hsch 
numbers  nesr  unity  where  the  Mach  angle,  vu  approaches  90  degrees  and  the 
permitted  vsriation  in  angularity  approaches  zero.  The  integration  scheme 
can  only  be  employed  at  Mach  numbers  greater  than  unity  so  that  the 
limiting  esse  never  occurs.  High  angular  variation  between  streamlines 
at  low  Mach  mothers  does  not  usually  occur  in  internal  flows,  since  Mach 
msTsers  near  unity  only  occur  at  s  minimum  in  the  cross- sectional  ergs 
and,  thus,  at  a  point  where  the  boundaries  are  nearly  parallel.  These 
restrictions  are  further  minimized  by  choosing  the  x^  coordinate  direc¬ 
tion  to  bs  the  nwaan  flow  direction. 

The  numerical  algorithm  could  be  easily  extended  to  cases  in  which 

large  variations  of  ths  mean  flew  direction  occur  along  the  direction  of 

integration*  x1f  by  periodically  employing  a  coordinate  system  rotation 
* 

as  the  Integration  proceeds  so  that  in  the  transformed  system  of  coordin¬ 
ates  the  new  x-j  direction  more  nearly  coincides  with  the  mten  flow  direc¬ 
tion. 


2,  INTEGRATION  SCHEME 

The  point  computational  scheme,  which  Is  developed  in  Appendix  E, 
is  used  repetitively  to  obtain  the  solution  at  «  discrete  set  of  points 
on  Planes  perpendi tular  to  (x,,  a-,}  coordinate  planes.  When  the  flow  has 
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or  more  planes  of  synsnetry  as  a  result  of  the  initial  and  boundary  con¬ 
ditions,  the  geometry  Is  assumed  to  be  such  that  the  x1  coordinate  direc¬ 
tion  is  parallel  to  all  planes  of  symmetry  (i.e.,  parallel  to  the  line 
of  intersection  of  the  planes  of  symmetry). 

The  point  integration  scheme  establishes  the  location  of  the  solu¬ 
tion  point  by  locating  the  intersection  of  the  streamline,  which  passes 
through  a  prior  computed  point  on  the  initial-value  surface,  with  the 
solution  surfsce.  When  this  process  is  applied  successively,  a  set  of 
streamlines  throughout  the  flow  is  generated.  Tn  particular  stream¬ 
lines  whi  it  are  generated  will  deoend  upon  the  points  which  are  selected 
on  the  first  initial-value  surface.  This  technique  of  constructing 
streamlines  is  employed  in  the  numerical  process  and  has  the  desirable 
property  that  the  distribution  of  points,  relative  to  the  mass  flux  dis¬ 
tribution,  is  the  same  on  each  new  solution  surface.  An  additional 
benefit  of  constructing  streamlines  is  that  points  which  are  initially 
on  boundaries  or  in  planes  of  symmetry  will  remain  so  throughout  the 
overall  integration  process.  Thus,  the  boundary  calculations  are  simpli¬ 
fied  since  no  Interpolation  or  extrapolation  is  necessary  to  obtain  the 
solution  at  the  boundaries. 


3.  INITIAL-VALUE  SURFACE  POINT  NETWORK 

a.  Circular  Cross  Section.  The  network  of  points  which  is  generated 
throughout  the  flow  in  the  course  of  obtaining  the  solution  is  primarily 
a  function  of  the  selection  of  points  on  the  initial-value  surface.  There 
fore,  a  scheme  was  devised  which  would  select  a  uniform  distribution  of 
points  over  the  flow  cross- section.  It  was  also  possible  to  order  the 
points  In  a  two-dimensional  square  array.  The  relation  of  the  points  to 
the  square  array  is  such  that  the  boundary  points  of  the  flow  lie  on  the 
perimeter  of  the  logical  array  and  the  neighboring  points  in  the  array  are 
to  a  close  approximation,  neighbors  in  the  ohysical  space.  This  permits 
very  simple  logic  to  be  usad  for  determining  the  type  of  point  integra¬ 
tion  schema  to  be  used  and  for  locating  the  points  to  be  used  in  fitting 
tha  local  Interpolating  polynomials.  The  scheme  was  of  further  benefit 
In  the  computer  programing  of  the  algorithm  since  the  points  can  be 
stored  in  two-dimensional  arrays  and  indicia!  manipulation  used  to  select 


points.  There  Is  not,  to  the  autnors  knowledge,  any  way  to  logically 
derive  the  scheme  which  Is  used.  It  was  simply  Invented  by  a  trial  and 
error  process  end  is  described,  therefore,  without  any  particular  attempt 
at  justification,  except  to  point  out  its  virtues.  The  scheme  will  first 
be  described  for  a  circular  cross-section  without  planes  of  synsnetry. 
Subsequently,  the  extensions  to  noncircular  cross- sections  and  cross- 
sections  having  pi  anas  of  symmetry  will  be  discussed. 

Consider  a  squirt  array  having  an  odd  dimension  Ny,  expressed  in 
terms  of  a  parameter  Nn  so  test 

Ny  =  2Nd  -  1  (6-1) 

The  parameter  N  Is  tne  number  of  points  on  a  half  side  of  the  array. 

? 

A  typical  square  array  of  this  type  and  the  corresponding  circular  array 
are  illustrated  ir.  Figure  G-l  for  Np  =  11  .  In  Figure  G-l  the  rows  of 
points  in  the  square  array  and  the  corresponding  points  in  the  circular 
mesh  are  connected  by  solid  lines  while  the  respective  columns  of  points 
are  connected  by  dashed  curves.  In  general  the  square  array  will  have 
4(Ny  -  1)  points  on  the  perimeter.  If  these  points  are  all  to  correspond 
to  boundary  paints  then  the  circular  arrav  must  also  have  4(Ny  -  1)  points 
on  the  circumference.  Further,  the  number  of  circular  shells  are  choosen 
to  correspond  to  the  number  of  inner  shells  of  the  square  array,  see 
Figure  G-l.  The  radius  of  each  circular  perimeter  is  chosen  according 
to  the  relation 

RK  -  RT  sin  [  }  Tr4Tr],  (K=  1,  2,  ..Np  -  1)  (6-2) 

0 

which  produces  a  sine  distribution  for  the  Rj,  and  has  the  desirable 
property  that  the  outer  shells  of  the  circular  mesh  are  spaced  more 
closely  together.  This  is  desirable  because  one-sided  interpolations 
must  be  made  at  the  boundaries.  The  closer  spacing  of  points  near  the 
boundaries  partially  compensates  for  any  loss  in  accuracy  due  to  one¬ 
sided  interpolation.  Closer  spacing  of  points  at  the  boundary  is  also 
desirable  because  variations  in  the  flow  are  mostly  a  result  of  wari a- 
tiens  in  boundary  conditions.  Gradients  in  the  flow  due  to  expansions 
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FIGURE  G-l.  INITIAL-VALUE  SURFACE  POINT 

ORDERING  SCHEME 


at  the  boundaries  are  largest  in  mag hi  de  at  the  boundaries  and  become 
progressively  weaker  as  they  are  propagated  iiito  the  flew.  The  op¬ 
posite  argument  can  be  made  for  compressions;  however,  thrust  .x>zz1s 
Hows  are  generally  expansive. 

b.  Planes  of  Symmetry.  The  point  allocation  scheme,  is  easily 
modified  to  incorporate  the  cases  of  one  or  more  planes  of  symmetry. 

When  the  flow  and  boundaries  have  one  plane  of  symmetry,  the  central 
point  of  the  mesh  is  chosen  such  that  it  Ites  on  the  plane  of  syrsmetry. 
This  case  is  illustrated  for  a  circular  mesh  in  Figure  G-2.  One-hcl. 
of  the  flesh  for  a  complete  circle  is  used  and,  therefore,  only  one-half 
of  the  square  array  is  required.  The  dividing  line  in  the  mesh  corres¬ 
ponds  to  the  nlane  of  syrntetry. 

When  the  flow  possesses  two  or  more  planes  of  symnetry,  the  planes 
are  separated  by  the  angle 

<  *  */  N  ,  (N  *  2,  3,  ...j  (6-3) 

Each  adjoining  pair  of  sectors  has  a  mirror  image  relation  to  each 
other,  thus  only  one  sector  needs  to  be  calculated  since  all  other  sec¬ 
tors  can  be  found  by  reflection.  When  the  problems  possess  two  planes 
of  symmetry  only  one- fourth  of  the  grid  is  used.  This  case  is  also  il¬ 
lustrated  in  Figure  G-2.  For  the  case  of  3  or  more  planes  of  symmetry, 
only  one-eighth  of  the  grid  is  used  and  the  grid  is  stretched  or  can- 
pressed  circumferentially  to  fit  a  sector  of  the  flow.  The  cases  of  3, 

4,  5,  6  and  7  planes  of  symmetry  are  illustrated  in  Figures  G-3  and  C-4. 

c.  Noncircular  Cross-Sections.  The  network  illustrated  in  Figure 
G-l  for  a  circular  cross -section  can  be  extended  to  roncircular  cross- 
sections  by  the  following  technique.  A  point  In  the  interior  of  the 
cross-section  Is  chosen  to  correspond  to  the  central  point  of  the  two- 
dimensional  array.  This  point  should  coincide  with  the  centroid  of  the 
area,  although  other  choices  may  be  used.  The  series  of  internal  shells 
corresponding  to  the  concentric  rings  of  the  circular  cross-section  are 
constructed  by  dividing  t^e  raalus  from  tne  central  point  to  the  perimeter 
into  segments  according  to  Eq.  (G-l),  where  the  parameter  Rj  is  here  de- 

as  the  local  radius.  The  resulting  shells  are  illustrated  in  Figure 
C-5  for  a  noncircular  cross-secr.-o- 


FIGURE  G-2.  POINT  ORDERING  SCHEME  FOR 
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FIGURE  6-5.  POINT  ORDERING  SCHEME  FOR 

NONCIRCULAR  CROSS-SECTIONS 


The  locations  of  the  points  on  each  shell  are  determined  by  dividing 
the  perimeter  into  a  number  of  uniform  segments  of  arc  equal  tc  the  rub¬ 
ber  of  points  on  the  shell.  A  radius  parallel  to  the  x?  coordinate  axis 
is  selected  as  a  reference  such  that  the  initial  point  of  each  shell  is 
placed  on  the  intersection  of  this  reference  line  and  the  corresponding 
shell.  The  reference  is  indicated  in  Figure  G-5  by  the  line  A-B.  This 
process  produces  the  sa m  point  network  as  for  the  circular  case  when 
the  cress-sectlon  is  circular  and  the  central  point  of  the  network  is 
chosen  as  the  center  of  the  circular  section.  The  extension  of  the  tech¬ 
nique  to  noncircular  boundaries  with  planes  of  syimsetry  follows  directly 
from  the  approach  used  to  extend  the  circular  mesh  to  noncircular  boun¬ 
daries  for  no  planes  of  symmetry. 


4.  INTERPOLATION  SCHEME 

The  point  integration  scheme  requires  local  interpolation  for  the 
values  of  the  dependent  variables  at  the  intersections  of  the  bichar¬ 
acteristics  with  the  initial -value  surface.  For  this  purpose  second- 
order  least  squares  polynomials  are  fit  to  a  group  of  nine  neighboring 
points  in  the  initial -value  surface  by  the  method  developed  In  Appendix 
F.  The  nine  points  are  chosen  as  the  intersection  of  the  streamline, 
along  which  the  solution  is  being  advanced,  with  the  initial -value  sur¬ 
face  and  the  eight  nearest  neighbors.  The  neighbors  of  a  particular 
point  can  be  located  by  means  cf  a  ster.cil  or  patte  n  for  the  indicial 
coordinates  of  the  points  in  the  square  array.  The  btencil  of  points 
must  be  varied  slightly  vith  location  in  the  raesb  in  order  to  obtain  the 
best  choice  of  neighbors  at  all  points  of  the  sesh.  In  the  mane rice! 
schema  eight  different  stencils  are  required  to  obtain  the  closest 
neighbors  at  all  points  of  the  mesh.  These  eight  variations  of  the 
stencil  are  illustrated  in  Figure  G-6,  The  locations  of  the  correspond¬ 
ing  points  In  2  circular  flew  cross- section  are  also  illustrated. 


c  RAniinapY  rnuniTTnwr 

a.  Genera 1 .  The  character  cf  the  solution  is  governed  by  the 
Initial  conditions  and  the  boundary  conditions.  The  boundary  condltior 
take  the  form  of  constraints  on  the  solution  which  are  specified  over 


FIGURE  G-6.  POINT  STENCILS  FOR  INTERPOLATION 
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time-like  surfaces  adjoining  the  initial -value  surface.  The  tern  time- 
like  is  used  to  denote  a  surface  on  which  the  outer  normal  is  at  every 
point  exteHor  to  the  local  cone  «f  normals.  These  additional  constraints 
can  take  the  form  of  a  physical  boundary  (i.e.,  constrained  flow  direc¬ 
tion),  specified  pressure,  a  plans  of  syfSBstry  or  conditions  across  a 
discontinuity  surface.  Only  the  boundary  conditions  corresponding  to 
a  physical  boundary  and  planes  of  synsnetry  are  discussed  herein. 

b,  Physical  Boundary,  The  specified  physics!  boundary  condition 
is  satisfied  by  requiring  thst  the  flow  be  tangent  to  the  surface,  i,e», 

u^  s  0  (6-4) 

where  is  the  unit  outer  normal  to  the  surface  and  the  flew  velocity 
vector.  In  addition  the  outer-most  streamlir^s  In  the  network,  which 
originate  from  the  junction  between  the  Initial-value  surface  and  the 
physical  boundary,  must  at  all  points  lie  on  the  specified  boundary  sur¬ 
face.  Points  on  the  boundary  surface  are  located  by  obtaining  the  solu¬ 
tion  for  the  intersection  of  a  line  with  the  surface.  Thg  line  is  speci¬ 
fied  by  the  coordinates  of  a  point  and  the  direction  cosines  of  the  line. 
Hors  than  one  intersection  with  the  contour  usually  will  exist  and  the 
solution  nearest  to  the  known  point  on  the  line  is  assumed  to  be  correct 
(the  dire.tion  cosines  of  the  line  am  chosen  to  closely  approximate  the 
local  nornal  to  the  surface  and  the  point  is  chosen  In  such  a  way  that  It 
Is  near  the  boundary  of  interest  so  that  the  correct  solution  is  easily 
chosen).  Once  a  point  on  the  boundary  is  located  the  components  of  the 
outer  normal  are  required  (i.e.,  the  partial  derivatives  of  the  surface 
function  must  exist).  The  boundary  surface  may  be  specified  as  either 
an  analytic  function  or  a  tabular  function.  However,  in  the  case  of  a 
tabular  function  some  means  for  interpolation  and  numerical  differentia¬ 
tion  must  be  provided,  since  the  locations  of  the  boundary  solution 
points  are  not  known  a  priori.  This  technique  for  locating  a  point  on 
the  boundary  Is  used  in  conjunction  with  the  solid  boundary  point  mod\fi- 
cation  of  the  basic  interior  point  numerical  scheme  which  is  discussed 
in  Appendix  E. 
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c.  Planes  of  Symmetry,  The  plane  of  synisetry  boundary  condition 
Is  satisfied  by  inflection  of  points  with  respect  to  the  plane  of  sym¬ 
metry  and  subsequently  applying  the  Interior  point  computational  scheme. 
Although  a  specialised  bc-ynarry  point  schema,  similar  to  that  for  the 
physical  boundary,  could  have  been  used,  the  use  of  reflection  Is  much 
simpler  and  it  was  found  to  give  completely  satisfactory  numerical  re¬ 
sults, 

A  point  is  reflected  at  a  plane  of  systsatry  such  that  the  plane  is 
the  perpendicular  bisector  of  the  line  joining  a  point  to  Its  Image. 

Any  scalar  properties  at  the  point  have  the  same  magnitude  and  sense  at 
the  image  point.  Vector  quantities*  such  as  the  relative  position  vec¬ 
tor  and  the  velocity,  are  reflected  such  that  components  parallel  to  the 
plane  of  syrrmt^  have  the  same  magnitude  and  sense  while  components  per¬ 
pendicular  are  reflected  such  that  they  have  the  same  magnitude  but  op¬ 
posite  sense.  Tre  reflection  relations  for  the  vector  quantities,  the 
relative  position  vector  and  the  velocity,  for  an  arbitrarily  located 
plane  of  symmetry  are 

Y  ■  r.  -  2(r j  -  r^Jn^n*  (6-5) 

and 

u.j '  =  u.j  -  2ujHjn^  (6-6) 

where  the  reflected  quantities  are  denoted  by  a  prime,  r^  is  the  position 
vector,  the  position  vector  for  a  reference  point  on  the  plane-  of  sym¬ 
metry,  the  unit  outer  normal  to  the  plane  of  synsnatry  and  the  ve¬ 
locity  vector.  These  relations  reduce  to  particularly  simple  forms  when 
the  plane  of  symmetry  is  parallel  to  a  coordinate  plane. 

At  the  point  where  §  plans  of  symmetry  joins  a  physical  boundary, 
reflection  is  used  to  ensure  synsnetry  and  the  ordinary  physical  boundary 
point  scheme  is  used  to  obtain  a  solution.  Here  again  specialised  routines 
could  be  devised,  however  the  logic  of  the  nurerical  algorithm  is  great¬ 
ly  simplified  by  the  former  approach  and  completely  satisfactory  numeri¬ 
cal  results  are  obtained. 
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6.  STEP  SI2£  REGULATION 

The  distance  between  each  of  tha  successive  space- If  ice  solution  sur¬ 
faces  is  regulated  such  that  the  Courgnt-FHedrleHs-Lewy  (CFL)  stability 
criterion  is  satisfied  at  every  point  of  the  network-.  The  differential 
zone  of  dependence  is  In  general  an  elliptical  legion  surrounding  the 
stresmltne  intersection  with  the  initial -value  surface  and  is  defined  as 
the  intersection  of  the  conoid*  originating  at  the  solution  point* 
point  (6) *  with  the  initis  value  surface.  The  convex  hull  of  the  dif¬ 
ference  scheme  Is  defined  by  the  positions  of  the  mesh  points  used  for 
interpolation  In  the  initial-value  surface.  Both  the  differential  zone 
of  dependence  and  the  convex  hull  of  the  difference  scheme  are  illustrated 
for  a  typical  Interior  point  in  Figure  9-7.  The  CR.  criterion  will  al¬ 
ways  be  satisfied  if  the  maxim-mi  radius  of  the  differential  zone  of  de¬ 
pendence,  R  .  Is  mds  loss  then  the  distance  from  the  streamline  Inter¬ 
section  with  the  initial  value  surface  to  the  nearest  mesh  point  on  the 
convex  hull*  R^n,  see  Figure  G-7. 

The  relation  between  the  integration  step,  ox,  and  the  maximum 
radius  of  the  differential  zone  of  dependence  can  bo  expressed  as  a 
function  of  the  local  flow  pareunaters.  The  tangent  of  the  angle  which 
the  streamline  makes  with  the  Initial  value  surface,  v,  is  simply 


tan  y  B  «  /(a|  +  u$)^2 

|  C  * 


(G-7) 


wh§ne  Up  a9  and  are  the  respective  velocity  components.  The  tangent 
of  ths  Mach  cone  half-angle,  u.  with  respect  to  the  streamline  Is  simply 


tan  u  *  (H^  -  'YXf^ 


(6-8) 


where  H  is  the  local  Hach  number.  From  ges«strie  considerations,  see 
Figure  G-3S  the  ratio  of  the  axial  step  ax,  to  Luf  called  H,  is  given 

1  infiX 

by 


H  *  /Rmsx  *  tan(Y-u}  tan  Y/[tan  Y-tan(Y»u;] 


(6-9) 


Application  of  trigonometric  identities  and  Eqs.  (6-7)  and  (G-8)  yields 
a  more  useful  form  of  Eq.  (6-9),  i.e., 
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FIGURE  G-8.  INTEGRATION  STEP  REGULATION 

PARAMETERS 


(G-10) 


H  =  Luf/{cQiri  -  (c/q)(q2/uf  -  1)1/2] 


where  a  Is  the  magnitude  of  the  velocity 

q  .  (»'  +  tl|  ♦  u*)1/2 


c  Is  defined  fay  the  relation 


c 


[q2a2/(q2 


a2)]1/2 


(S-ll) 


(G-12) 


and  a  is  the  local  speed  of  sound, 

The  actual  Hach  conoid  is  curved,  whereas  the  relation,  Eq.  (G-10), 
has  been  derived  assisting  a  linear  cone.  The  curvature  effects  can  be 
compensated  for  to  soma  degree  fay  using  mean  properties  in  Eq.  (S-lo). 

An  appropriate  mean  is  the  arithmetic  average  of  the  values  between 
points  (5)  and  (5)  of  the  overall  network.  Figure  G-7, 

The  minimum  distance  from  the  streamline  intersection  with  the  in¬ 
itial-value  surface  to  the  closest  point  on  the  convex  hull  is  determined 
by  a  search  of  ti.a  eight  neighboring  points  of  the  difference  scheme. 

The  permitted  step  size  Is  then  computed  from  the  relation 

“i  * H  W  (s',3) 


Note  that  the  permitted  step  size  given  by  Eq.  (G-13)  will  be  a  conser¬ 
vative  estimate  since  in  general  the  direction  of  the  distance  will 
not  coincide  with  the  direction  of  the  distance  In  addition  this 

criterion  is  applied  at  the  most  restrictive  point  of  the  network  at 
each  solution  surface.  However,  numerical  experience  has  shown  this 
criterion  to  be  very  close  to  the  maxim®  value  permitted  fits?  numerical 
stability  considerations.  The  use  of  arbitrary  factors  of  1.25  and  1.50 
times  the  predicted  step  *r  nsjnerical  calculations  resulted  in  soiie 
evidence  of  neutral  stability  and  unstable  behavior,respect<w8ly. 
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7.  OVERALL  ALGORITHM 

The  overall  nirseH cal  integration  process  is  illustrated  in  Figures 
6-9  and  6-10.  Figure  S-9  shews  typical  boundary  and  interior  point 
computations  for  a  flow  having  no  plants  of  sysBatry  while  Figure  6-10 
shows  the  corresponding  operations  for  a  flow  having  &no  planes  of  sys- 


mtry.  After  completion  of  the  calculations  on  each  solution  surface 
the  thrust  and  mass  flow  are  calculated  br  numerical  integration  over  the 
solution  surface. 


FIGURE  G-IO.  OVERALL  SCHEME,  2  PLANES  OF 

SYMMETRY 


1 


GENERAL 


APPENDIX  H 
STABILITY  ANALYSIS 


This  analysis  was  motivated  by  the  occurrence  of  nssericsl  instabil¬ 
ity  in  the  original  ni^erlcal  schssse.  Missrical  tests  for  stability 
using  initial-value  problss  failed  to  reveal  the  unstable  character  of 


the  schema,  thus  the  instability  was  not  discovered  until  the ssbtion 
of  initial -boundary  value  problem  were  attsroted  in  wh’Ch  larger  nisoers 
of  integration  steps  could  be  taken. 

The  stability  analysis  showed  the  original  scheme  to  be  only  sober- 
ately  unstable.  wh*ch  is  the  reason  that  the  unstable  character  did  not 


become  apparent  until  after  a  rather  large  nus£>er  of  integration  stess. 
In  addition,  the  analysis  shewed  that  the  scheme  could  be  made  suffici¬ 


ently  stable  by  a  v'ry  single  eodifi cation. 


2.  STABILITY  OF  LINEAR  DIFFERENCE  EQUATIONS 

rf^erical  stability  is  a  property  which  does  not  depend  upon  the 
nature  of  tne  system  of  differential  equations,  but  is  solely  a  function 
of  the  ol fference  equations  which  are  used  as  a jproxi  nations  to  the  dif¬ 
ferential  equations.  The  stability  of  linear  difference  schemes  has 
been  staled  extensively  by  a  msber  of  Investigators  and  a  good  senary 
of  this  work  as  well  as  applications  of  the  '‘ability  criteria  to  several 
difference  schemes  for  three-diser.sioncl  steady  flew  are  given  by  Heie 
and  Leigh  (5,  6),  Stability  criteria  have  only  been  developed  for  linear 
difference  equations  having  constant  coefficients  and  tor  analytic  mitia 
data.  For  linear  difference  schemes  having  variable  coefficients,  the 
saas  stability  criteria  as  for  constant  coefficients  are  applied  locally. 
If  the  governing  difference  equations  are  nonlinear,  as  is  the  case  for 
steady  flow  in  thrae  dimensions*  then  generally  the  corresponding  system 
of  difference  equations  will  also  be  nonlinear  and  no  exact  test  for 
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stability  presently  exists.  The  usual  approach  consists  of  locally 
applying  the  sacs  criteria  as  tor  linear  equations  to  the  linearized 
form  of  the  nonlinear  system  and  regarding  these  criteria  as  necessary 
conditions.  In  all  cases  which  are  known  to  have  been  investigated,  in¬ 
cluding  the  present  work,  this  approach  has  been  sufficient  to  ensure 
stabi 1 ity. 

Two  stability  criteria  have  been  developed  for  systems  of  linear 
difference  equations.  These  are  the  Courant-Frledrichs-Lewy  (CFi) 
stability  criterion  and  the  von  Neumann  condition.  The  CFl  stability 
criterion  states  that  the  domain  of  dependence  of  the  difference  equations; 
defined  as  the  convex  hull  of  the  points  in  the  initial-value  surface, 
which  ere  used  in  the  difference  s chess,  must  contain  the  domain  of  de¬ 
pendence  of  the  differential  system,  see  Figure  H-1,  The  CFl  criterion 
i=  regarded  as  a  necessary  condition  for  all  difference  schemes,  both 
linear  and  nonlinear,  and  has  been  shown  to  be  both  necessary  and  suffi¬ 
cient  for  si  soil  cl  al  linear  difference  schemes,  Ref.  (5). 

The  von  Neumann  condition  states  that  a  difference  s chess  is  stable 
only  if  there  is  a  Haft  to  the  extent  that  every  Fourier  component  of 
the  initial  data  can  be  assslified  by  successive  application  of  the  dif¬ 
ference  scheme.  The  von  Netraann  condition  is  sufficient  for  stability 
of  linear  difference  schemes  only  for  the  case  of  analytic  initial  data. 
However,  the  von  Neumann  condition  has  turned  out  to  be  sufficient  for 
all  nonlinear,  as  well  as  linear,  schemes  which  are  known  to  have  been 
investigated.  Ref.  (5). 

In  the  present  analysis  the  CFl  criterion  is  regarded  as  a  necessary 
condition  and  it  is  satisfied  in  the  nonlinear  difference  scheme  by 
regulating  the  Integration  step  size  such  that  the  Kach  conoid  inter¬ 
section  with  the  initial- value  surface  is  contained  within  the  convex 
hull  of  the  initial- value  surface  points  of  the  difference  scheme.  The 
difference  scheme,  with  the  CFL  condition  satisfied,  is  then  tested  for 
, tability  in  toe  von  Neumann  sense. 

3.  LINEAR  DIFFERENCE  EQUATIONS  FOR  STEADY  SUPERSONIC  R.OW 


The  system  of  differential  equations  for  steady  supersonic  flow  in 
three  dimensions  consists  of  the  wave  surface  characteristic  compatibility 


CONVEX  HULL  OF  DIFFERENCE 


FIGURE  H~l.  CFL  STABITITY  CRITERION 
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relation  applied  along  four  orthogonal  bicharaeteristlcs,  a  stream  sur¬ 
face  characteristic  compatibility  relation  applir  along  the  streamline 
direction  and  one  noncharseteristie  relation  applied  along  the  stream¬ 
line  direction.  These  six  equations  written  in  terms  of  the  operator 
for  the  directional  differential  are: 


6-p 

1 


*  pCo^  dj  =  -  pc  ^SjCau^/sxj)  dt 


(H-l ) 


dr  p  v  pC8.- 
l2 


V' 


=  -  pC431a<(3Ui/3X:j)  dt 


(H-2) 


dr  p  -  pCa<  d;  Uj 

l3  *  ‘3  1 


-  pc2e1-8j(3ui/3x.j)  dt 


(H-3) 


2 

d-p  -  PC8.J  =  -  pc  a^ajfsu^/oXj)  dt  (H-4) 


d-p  = 

u' 


+  (3^/aXj)  dt 


(H-5) 


d5P  =  -  PUfdjft 


(H-6) 


where  the  subscripts  (1  =  1,  2.  3,  4}  and  u,  denote  the  four  bichar¬ 
acteristic  directions  and  the  streamline  direction  respectively.  The 
network  of  bicharacteristics  ar.d  the  streamline  along  which  the  system 
of  equations  apply  Is  illustrated  in  Figure  H-l. 

Normally  the  system  of  linear  differential  equations  “or  use  in 
stability  analysis  is  obtained  directly  from  the  system  of  nonlinear 
differential  equations.  However,  ir,  the  present  case  two  difficulties 
are  encountered  which  require  some  judicious  consideration.  First,  the 
nonlinear  system  consists  of  six  equations  which  would  yield  six  linear 
differential  equations  for  only  four  dependent  variables.  Second,  the 
two  unusual  terms,  (au^/sxj  and  84s<  (su./ ax,),  that  eurjea^  in 

i  j  i  j  i  j  i  3 

some  of  the  coefficients  involve  partial  derivatives  and  cannot  be  eval¬ 


uated  in  terms  of  simple  differences  along  the  bicharacteristic  network. 


These  differences  are  a  direct  result  of  the  scheme  for  maintaining 
second-order  accuracy  in  the  nonlinear  numerical  algorithm  and  con¬ 
sequently  may  have  a  significant  effect  on  the  numerical  stability  of 
the  scheme.  The  approach  used  herein  is  to  consider  the  quantities 
<>jaj(3u^/3Xj)  and  b^Bj(«u^/3x^)  as  unknown  quantities  of  the  differ¬ 
ential  system,  Eqs.  (H-l)  through  (H-5),  at  a  point,  and  to  eliminate 
these  quantities  by  simultaneous  solution.  The  remaining  four  indepen¬ 
dent  differential  relations  are  subsequently  linearized. 

In  the  linearization  process  the  dependent  variables  are  assumed 
to  be  adequately  represented  as  the  sum  of  a  constant  quantity  plus  a 
small  variation,  i.e.. 


u  a  u  +  u  (H-7) 

where  the  quantity  u  represents  any  of  the  dependent  variables,  u  is  a 
constant  and  u  Is  a  small  perturbation.  The  content  value,  u,  can  be 
interpreted  as  a  mean  value  about  which  perturbations  occur.  When 
second-order  terms  are  discarded  and  differentials  replaced  by  finite 
difference  operators,  the  following  linear  system  of  difference  equations 
is  obtained 


'V 


+  ‘'Vi,",  =  <4i/  -  'eVt3ud 


(H-8) 


h  P  *  pcs. a:  u.  =  Ur  p  -  dcs.&t  Ur  t/h-  t}  (H-9) 
*■ 2  1  l2  1  £4  '  £4  1  L2  U 


s-uii  =  (t^p  *  Jc'^a,) 


(H-10) 


6-P  =  -  DU.i-U 
UH  1  U  ! 


(H-l 1 ) 


where  the  difference  operators  are  defined  by 
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a  "  W.  0  *  1,  2,  3,  4) 


(H-12) 


'u  'V, 

AOf  s  f  (6  )  -  f(5) 


(H-13) 


Tha  stability  of  the  system  of linear  difference  equations  is  not  a 
function  of  the  coordinate  orientation  and  an  orientation  which  simpH- 
ties  tha  system  of  equations  can  be  used  without  loss  of  generality. 
Thus,  a  uniform  difference  network  is  used  in  which  Ajt  »  o,  so  that 

~^2  ^*4^  *"  Au“*  ^is  true  fiay  be  seen  by  considering 

the  linearized  parametric  equations  for  a  wave  surface  bicharacteristic 

H  xi  °  <ui  *  c^cose  +  cosine)  a-t,  (i  =  1,  2,  3,  4)(h-14) 

and  for  the  streamline 


Au*i  =  *  (1  B  1,  2,  3} 


(H-15) 


ihe  reference  vectors,  ^  and  ^ ,  form  an  orthcnormal  system  -1th  G  /q, 
where  q  is  thejnagnltude  of  the  constant  components  of  the  velocity. 
Thus  for  u2  -  03  -  0,  and  Sj  are  Identically  zero  and  Eq.  (H-14)  for 
along  the  bicharacteristics  reduces  to 


“£xl  =  U1  *1* 


( H-l 6} 


wn  c.  is  identical  to  Eq.  (H-15)  for  a-x.  along  the  streamline  direction. 

e  rafere  ce  vectors,  a<  and  ,  have  one  remaining  degree  of  freedom 
which  may  be  fixed  arbitrarily.  A  convenient  choice  is  •  g  .  ]  and 

"3  "  s2  c  ihe  initial -value  surface  is  assumed  to  be  normal  to  the 


x]  ^ rection  so  that,  see  Figure  H-2, 


x,  =  4-  x, 

**  1  *  Ia  I 

i  c 


(H-17) 


ihus  i i,  is  c i ecr  that  the  at's  alowo  ail  m *•»,«  «.& 

-  ‘'■vRsrsv.i.ci  istiCb  and  the  stream* 

*  1  He  d?*§  8G Ud  \  f  dFld  XuUS  tlhdt  m  ±,  i  *  ■ 

,,ct  * iki  '-*  ■  «ereni.e  r$tlo$  intdivfno  tJie 


parameter  t  in  Eqs.  (H-8)  through  (H-10)  are  all  unity. 

The  final  difference  equations  for  the  selected  network  and  co¬ 
ordinate  orientation  are 

*p(6)  -  p(1)  +  pc[u'2(6)  -  u2(1)]  =  p{6)  -  p(3- 

-  ocCu2(6)  -  u2(2)]  (H-18) 

p(6)  -  p(2)  +  cc[u3(6)  -  Uo (2)1  *  p(6)  -  p{4) 

-  dc[u2{5)  -  u3 { 4 ) j  (H— 19) 

p{6)  -  p(5)  =  p(6)  -  p(1)  +  0(6}  -  p(2) 

+  p'c[u2{6)  -  u2(l)  +  u3(6)  -  u3(2}]  (H-20) 

p(6)  -  p ( 5 )  =  -  ^[ujb)  -  u2 (5)3  (H-21) 

4.  'TABILITY  OF  THE  BASIC  DIFFERENCE  SCHEME 

The  'tsbility  analysis  must  include  all  operations  of  the  overall 
numerics’  algorithm  (i.e.,  interpolation,  difference  equations,  etc.). 
However,  in  order  to  more  fully  Illustrate  the  stability  characteristics 
of  the  individual  processes  of  the  overall  numerical  algorithm,  the 
basic  difference  scheme  will  first  be  analyzed  as  though  interpolation 
was  not  required.  Next  the  interpolation  scheme  will  be  analyzed.  Then 
the  combination  of  the  difference  scheme  and  the  original  method  of  in¬ 
terpolation,  and  finally  the  modifi cations  which  resulted  in  a  stable 
scheme,  will  be  analyzed. 

Before  beginning  an  analysis  of  the  basic  difference  scheme  without 
interpolation,  note  that  the  CFL  stability  criterion  is  not  satisfied, 
see  Figure  H-2,  since  the  differential  zone  of  dependence  is  not  imbedded 
within  the  convex  hull  of  the  difference  scheme.  Thus,  when  the  scheme 
is  analyzed  for  stability  in  the  von  Neumann  sense  an  unstaole  result  is 
anticipated. 


!  8  1 


It  is  assumed  that  the  analytic  solution  of  the  system  of  linear 
difference  equations  can  be  obtained  by  separation  of  variables,  Ref. 

(5).  For  the  purpose  of  stability  analysis  it  is  sufficient  to  examine 
the  solution  for  only  one  arbitrary  component  of  the  half  range  Fourier 
series  representation  of  the  Initial  data.  The  complete  solution  could 
be  obtained  hv  superposition  of  all  such  terms  necessary  to  completely 
represent  the  initial  data.  The  form  for  a  general  tern  of  the  solu¬ 
tion  is  thus  assumed  to  be 

U  *  eiHrYL  e1N"x3  1  ifx, )  (H-22) 

where  0  is  a  vector  whose  components  are  the  dependent  variables  u^ ,  u2# 
and  p,  i  is  the  complex  quantity  K  and  N  are  frequency  factors 
for  the  particular  Fourier  component  of  the  initial  data,  L  is  a  char¬ 
acteristic  dimension  such  that  and  x3  have  the  ranee  -L  to  L,  and  a 
is  a  vector  function  of  the  integration  direction,  x-j ,  which  has  four 
comDonents  corresponding  to  the  four  components  of  U.  The  coordinates 
of  tie  points  in  the  difference  network  can  be  represented  relative  to 
the  coordinates  of  point  (5)  in  terms  of  increments  of  the  respective 
coordinate  directions,  see  Figure  H-2,  Thus 


Xj(1) 

*  x](2) 

=  x,  (3) 

Point 

(1): 

x2{1) 

*  x2(5) 

-  ox2 

X3{1) 

s  x3(5) 

Point 

(2): 

x2(2) 

s  x2(5) 

x3{2) 

*  x3(5) 

-  <X3 

Point 

(3): 

x2(3) 

s  x2(5) 

+  “x2 

-  x ^ ( 5 ) 
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Point  (4): 

x2(4) 

*  x2(5) 

x3{4) 

s  x3(5)  ♦  t, 

Point  (6): 

xr(6) 

*  x-|  (5 }  +  a; 

x0(6) 

C 

°  x2(5) 

x3(6) 

a  x3{5) 

where  a>o>  *  ax^  for  the  particular  choice  of  coordinate  orientation  ,  and 
they  are  related  to  the  value  of  ax1  by  the  parametric  equations  for  a 
bi characteristic,  Eq.  (H-14).  The  assumed  form  of  the  solution,  £q. 
(H-22),  evaluated  at  each  of  the  network  points  yields 


5(6)  .  J«Hx3(5i/L  j(S)(5)  +  Uij 

(H-23) 

0(5)  ,  e1.Hx2(5)/L  e1.Hx3(5)/L  i{Xi,5)) 

(H-24) 

■j(4)  «  ,1*H*2(5)/L  e1*H(x3(5)  +  ix3)/l 

(H-25) 

0(3)  •  e1,H(x2(5!  '  4X2)/l  e1'Nx3<S)/L  ilj(  |(5)) 

(H-28) 

0(2)  •  ei”Hx2(5)/L  etrN(x3!5)  -  SXjJ/L 

(H-27 ) 

0(1)  •  «1*M<>2<5)  -  “2)/L  elxHx3(5)/L  j(x,(5)) 

(H-28) 

Equations  (H-23)  through  (H-28)  all  contain  the  common  factor 

81»Mx2(5)/l  gi*Nx3{5)/L 


and  the  difference  equations,  Eos.  (H-18)  through  (H-21),  are  homogeneous 
in  the  dependent  variables;  thus  the  common  factor  nay  be  eli"insted. 
Substituting  the  respective  values  for  the  dependent  variables  into  the 
difference  equations,  writing  the  system  ir  matrix  notation,  and  sub¬ 
stituting  the  exponential  definitions  the  circular  functions  yields 

:  0 

1  o  o  i 

A 

0  1  0 

n 

•  'j 

-1  -1  -1/o'c 

£0,(5}  +  axj 

i 

!  OU^ 

I  i 

0  0  i 

;  o 

S12  0  314 

o  o 

0  S23  324 

S32  533  3 34 

*[(^{5)]  *  0  (H-29) 

S41 

0  0  B44 

where 

B!2  * 

-  cos{*Hax2/L) 

\H-30) 

R  « 
14 

{ 1 /&c ) s 1 r{sM&x2/1 } 

CH-3P 

a  a 
“23 

-  cos(s-Nax3/L) 

(H-32) 

S24  3 

(i/pc)sin( sKax3/L } 

{ H— 33) 

r»  _ 

d32  “ 

cosC*Hax2/L)  -  (1)sin(THAx2/l)  (H-34) 

iga 


*33  *  cos(-N£x3/L)  -  (1)s1n(vN&x3/L) 


(H- 35} 


B34  =  0/=c)  '  tcos(?Hix7/L}  +  cos(?Hix,/L} 

-  (i )[sin(rHAx9/L)  *  sin(?Nix,/L)]  -  if 


OjM  =  -  pu 


(K-36) 

(H-3? } 
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(H-38) 


If  £q  premultlplic-d  by  the  inverse  of  the  leading  coefficient 

matrix,  a  recursion  relation  for  the  x,  aependence  of  the  dependent 
variables  is  obtained  which  has  the  general  fora 


aiXj{5)  +  ix^)  =  A  i(x, '5)j 


(H-3S) 


The  matrix  A  is  defined  as  the  amplification  matrix  for  the  system  of 
difference  equations.  The  particular  fora  of  A  is  found  to  be 


1  (ic/u,  )sin$2  (Ic/u^slnoj  (l/ou]  )(1-cos42-cos*3)  "j 


i  u 


'COS?2 


0  (-ipc)sin*. 


cosa. 


(-ipc)si nd3 


(i/pc)sin$2 


(i/oc)sina. 


(cos*,  +  cosa,  -  l) 


( H— 40) 


where  $2  =  sHaxg/L  and  $3  =  ?Nax3/L. 

The  von  Neumann  necessary  condition  for  stability  of  linear  differ¬ 
ence  equations  requires  that  the  eigenvalues  of  the  amplification  matrix, 
A,  satisfy  the  inequality 
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( H-4 1 } 


i-i  1  > 


u. 6X,; 


where  denotes  any  of  the  fwr  eigenvalues  of  A,  i.e.,  solutions  of 
the  determinants!  equation 


I A  -  I  x  *  «  0 


(H-42) 


Expansion  of  £q.  (h-42)  yields  a  fourth-order  polynomial  In  x 
{1  -  * )[ {cos^-j  -  i)'cns$3  -  x)(cosa,  +  cosa.,  -  1  -  x) 

A  A 

+  {cos$2  -  i)sin  #3  +  {cosi,  -  xJsinS?]  e  0 


(H-43) 


Note  that  the  determinant  is  not  a  function  of 


the  coefficients  of  the 


system  of  difference  equations  and,  thus,  that  the  stability  character¬ 
istics  are  independent  of  the  local  values  of  the  dependent  variables. 

The  eigenvalues  of  the  amplification  matrix  were  calculated  for  all 
combinations  of  Fourier  components ,  corresponding  to  the  independent  var¬ 
iables  *2  snd  *3»  ovar  a  range  of  frequency  factors  H  and  N.  The  range 
of  H  and  N  was  selected  such  that  the  arguments  #2  3n<j  range  fro®  0 
tc  2?.  thus  covering  one  complete  period  of  he  circular  functions.  Val¬ 
ues  of  10  and  1  were  ass'^sd  for  the  characteristic  length  L  and  the  mesh 
spacing*  lx ^  and  lx-  respectively.  These  values  generally  correspond  to 
the  mssn  densities  of  interest  in  the  solution  of  three-dimensional  noz¬ 
zle  flow  problems.  Using  these  values  a  range  of  frequency  factors,  M 
and  N,  fro®  0  to  20  results.  This  range  includes  Fourier  components  having 
wave  lengths  fro®  one  fresh  length  to  infinity.  The  eigenvalues  of  the 
amplification  matrix  were  calculated  for  all  combi  nations  of  the  fre¬ 
quency  factors  H  and  N.  The  results  of  the  eigenvalue  calculations  are 
shown  plotted  in  Figure  H-3.  The  plot  is  constructed  by  plotting  the 


maximum  absolute  value  of  the  eigenvalues  for  all  combinations  of  fre¬ 
quency  factors  M  <  !  and  N  <  I.  Thus  a  discrete  set  of  maximum*  as  a 
function  of  !  results.  Although  the  index  I  was  varied  frc"  0  to  20,  it 
was  found  that  the  results  were  symmetric  about  the  value  10  so  that 
only  the  results  for  0  <  I  <  10  are  shewn  in  Figure  H-3. 
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As  expected,  the  basic  difference  scheme  is  highly  unstable  for  all 
values  of  the  frequency  index  I.  This  is  due  to  the  violation  of  the 
CFL  stability  criterion  when  the  points  at  which  the  ^characteristics 
intersect  the  initial- value  surface  are  prior  computed  points,  as  in  the 
case  of  these  calculations. 


5.  STABILITY  OF  INTERPOLATION  SCHEME 

In  the  general  numerical  algorithm  the  bicharacteristic  intersec¬ 
tions  wi!1  not  coincide  with  prior  computed  points  so  that  Interpolation 
is  necessitated.  However,  the  streamline  intersection  with  the  initial- 
value  surface,  point  (5)  in  Figure  H-4,  Is  always  a  prior  computed  point. 
Thus  interpolation  is  not  necessarily  required  to  obtain  the  values  of 
the  dependant  variables  at  this  point,  although  Interpolation  could  be 
used  for  purposes  of  providing  aodltional  damping.  It  will  be  shown  in 
the  course  of  this  analysis  that  interpolation  at  point  (5)  is  not  only 
desirable,  but  necessary  for  stability. 

The  interpolation  technique  using  least-square,  bivariate,  second- 
order  polynomials,  which  was  developed  in  Appendix  F,  must  be  considered 
in  the  overall  stability  investigation.  The  approach  taken  here  will  be 
to  first  consider  the  Interpolation  scheme  as  a  recursive  smoothing 
operation  and  analyze  the  stability  of  such  a  scheme.  These  results  are 
subsequently  incorporated  with  the  difference  scheme  to  obtain  the  sta¬ 
bility  characteristics  of  the  overall  numerical  algorithm  ,  both  with 
and  witnout  interpolation  at  point  (5). 

The  analysis  of  the  Interpolation  scheme  is  simplified,  without  loss 
of  generality,  if  the  central  point  o*  the  network,  point  {$}  of  the 
overall  numerical  scheme,  is  taken  at  the  origin  of  the  coordinate  sys¬ 
tem  (i.e.,  any  arbitrary  point  of  the  network  can  be  brought  to  the 
origin  by  a  simple  translation  of  of  coordinates).  A  rectangular  car¬ 
tesian  grid  is  assumed  on  which  an  arbitrary  Fourier  component  of  the 
values  to  be  interpolated  is  represented  by 
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FIGURE  H-4.  DIFFERENCE  NETWORK  WITH 

INTERPOLATION 


where 


s  rnAx2,  (m  -  0,  +1 ,  +2, 

(H-45) 

and 

x~  a  nax3,  (n  =  0,  ±1 ,  ±2,  *•«} 

( H— 46 ) 

The  complex  quantities  c  and  n  are  defined  as 

t  .  e1'M4x2/L 

(H-47) 

,  - 

(H-48) 

so  that  the  general  Fourier  component,  Lq.  (H-43),  becomes 

u  -  cV  a(x-j) 

tH— 49) 

The  Interpolation  technique  developed  in  Appendix  F  uses  the  central 
point  and  the  eight  nearest  neighbors  to  fit  the  bivariate  second-order 
polynomials.  These  nine  points  are  indicated  on  Figure  H-4,  and  the 
corresponding  values  for  the  dependent  variables  at  each  of  the  nine 
points  are 

U(i,l)  =  Sen 

(H-50) 

0(1 .0)  *  ac 

(H-51 ) 

0(1  ,-l }  =  acn  1 

(H-52) 

0(0,1)  =  ir= 

(H-53) 

u(0,0)  =  5 

(H-54) 

0(0, -1)  =  Sn'1 

(H— 55) 

U(-l,l)  -  sr’n 

(H-56) 

U(-1.0)  »  ac"1 

(H— 57) 

u(-l.-l)  *  3c"1  n"1 

(H-58) 
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•he  least  sgyaressystefn  of  aquations  in  Appendix  F,  evaluated  for  this 
system  of  points,  is 
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Solving  for  the  coefficients  ,  (i  =  1 ,  2,  • • ■ ,  6}  yields 

A]  *  C (5/9) (4  *  ;**  +  1}{„  +  +  ]} 

-  (1/3) (c  ♦ 


}(n  ^ 


U 


6 


(H— 59) 


(l/3){c  ^  C_!  +  ]){r  +  ~.’i)j 


h  =  [(!/5}(c  -  Cl)u  *  n  ■  +  l)j/AX? 


(H-61 ) 
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A3  a  CO/e )(c  <•  c"1  +  l)(n  -  n”1  )3/&X- 


A4  *  C(l/A){.;  -  ■'  ^)(n  - 


(H-62) 

(H-63) 


=  [-  (1/3JU  +  C'1  +  1 ) (n  +  m"1  +  1) 


+  (1/2)U 


;  ^  )(t)  *  n  ^  +•  1  )]/fiX2 


(H-6*) 


Ac  *  [-  (l/3)(;  +  r1  ♦  l)(n  +  o'*1  +  M 


+  ( 1 /2 ) (c  +  ^  ^  +  1)(n  +  «  ')]/AX3 


(H-65) 


The  values  of  the  dependent  variables,  0.  can  now  be  expressed  at  any 
point  of  the  initial -value  surface  contained  within  the  convex  hull  of 
the  system  of  points  used  to  obtain  the  polynomial  coefficients  (the  CFL 
stability  criterion  requires  thut  the  interpolated  points  lie  far  enough 
within  the  convex  hull  so  that  the  differential  zone  of  dt^dence  is  also 
imbedded  within  the  convex  hull,  see  Figure  H-4).  The  least,  squares 
second-order  polynomial  for  0  is  thus 

0  =  (A]  +  +  A3x3  +  A4x2x3  ♦  A$x2  ♦  A6x3)  I { x] } 


=  ffx„,x3)  I(x^) 


( H-65 } 


£  9  3 

Kx^S))  A1  =  i(x1  (5)}  [(5/S)(c  ♦  c"1  +  D(-  +  4  ]) 

(l/3)(:  +  ♦  -_1  ♦  1}  -  0/3 )(■;;  >  r/1  +  1} 


(H-57  j 


The  previous  values  of  the  dependent  variables  at  point  (5)  are  given 
by  Eq.  (H-49)  with  m  =  n  *  0,  i.e. , 


U(5)  =  5(x1(5)) 


(H-68) 


Ihus,  since  no  change  in  the  x^  coordinate  occurs  in  the  process,  the 
recurrsiu'-  elation  is  simply  Eq.  (H-67),  and  only  one  eigenvalue  or 
amplification  factor  results. 

A  «  [(5/9)(;  +  r1  +  1  Hn  +  n"1  +  1} 

-  (1/3)  (c  +  r])(n  +  n'1  +  1) 


-  0/3)U 


+  l)(r.  *  -*1)] 


(H-69) 


The  absolute  value  of  the  amplification  factor  's  shown  plotted  on  Figure 
H-5  alcr.g  with  the  previous  results  for  the  basic  difference  scheme  and 
for  the  same  range  of  the  frequency  index.  The  amplification  is  every¬ 
where  less  than  one,  thus  the  process  is  unconditionally  stable  for  all 
Foii-ier components,  Note  that  the  damping  of  the  components  is  rela¬ 
tively  modest  at  all  frequencies,  reaching  a  maxi mis  at  I  =  10  where  the 
amplification  factor  has  a  minimum  value  of  0.956.  Because  of  the  modest 
alteration  characteristic,  yet  unconditional  stability,  of  this  recur; so=. 
Process,  it  could  well  be  used  i:  a  smoothing  process  for  two-dimensional 
data. 


6.  STABILITY  OF  THE  DIFFERENCE  SCHEME  WITH  INTERPOLATION 

.«  mserical  scheme  in  which  the  values  of  the  dependent  variables 
at  points  (1)  through  (4)  of  the  difference  scheme  are  obtained  by  the 
interpolation  process  was  first  used  and  found  to  be  numerically  unstable 
For  the  purpose  cf  cat nine  further  insiaht  into  the  cause  of  the  Insta- 


*7  * 


a  r'near  stability  analysis  tor  this  case  is  made  below.  Points 


(1)  through  (4)  of  the  difference  scheme  are  equally  spaced  along  the 
circumference  of  a  circle  of  radius  r  and  centered  about  point  (5),  see 

’J  A 


!  1 

tKg  cfl  stabi ! i tv  cH fi 0-d  if  r  is  Isss  thin 
case  of  equal  and  ax,  is  considered  in  this  analysis) . 
The  coordinates  of  the  points  (1)  throuen  (4)  are  located  by  soecificati 
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of  the  angle  $  ano  the  value  for  r  (the  single  degree  of  freedom  in  choice 
for  a.j  and  8^  is  specified  by  a  value  of  $).  The  values  o^  the  dependent 
variables,  U,  are  subsequently  obtained  by  evaluating  the  interpolating 
polynomial,  Eq.  (H-66),  at  each  of  the  intersection  points.  The  values 
of  the  dependent  variables  at  point  (5)  are  assumed  known  since  point 

(5)  always  coincides  with  a  point  in  the  network  of  initial-value  sur¬ 
face  points.  The  values  of  the  dependent  variables  at  points  (5)  and 

(6)  are  expressed  in  terms  of  the  assumed  exponential  form  of  the  solu¬ 
tion  (i.e.,  Eqs.  (H-23)  and  (H-24)  evaluated  for  x^(5)  =  x ^ ( 5 )  =  0), 
which  yields 


U{6)  =  a(x,  +  ) 

(H-70) 

U(5)  -  a(Xl) 

(H-71 ) 

<jfl)  *  *(l)  atxjJ, 

(I  =  1,2,  3,  4) 

(H-72) 

where  f{I)  denotes  the  polynomial  function,  Eq.  (H-6S),  evaluated  at  the 
designated  point  of  the  difference  network.  The  system  cf  difference 
equations  in  matrix  form  for  this  case  is  the  same  as  Eq.  (H-29)  for  the 
basic  difference  scheme,  but  with  the  nonzero  elements  of  the  coefficient 
matrix  of  I(x|{5))  replaced  by  the  expressions 


{ H-SO ) 


841  =  '  ^1 


B44  *  -  1 


(H-81) 


The  system  amplification  matrix  Is  obtained  by  premul tipi  1  cation  by  the 
Inverse  of  the  leading  coefficient  matrix  to  obtain 


A  * 


A11 

"12 

A13 

A14 

0 

A22 

0 

"24 

0 

0 

*33 

A34 

ft 

A 

"42 

A 

43 

A44 

where  the  nonzero  elements  are 


a]5  =  1 


*12  3  (1/2)[f{3)  -  ftDKc/u,) 

Ai3  =  ^  ’  ^(2)](c/u-| ) 

ai4  =  <1  -  0/2)[f(3)  ♦  f (2)  +  f ( 3) 

a  3  n/9ir?m  +  -Fz-ji'i 
*22  *  v-*'J 

A  -  /t  tr r/i  \  »/ x/ •;*. 

■*V.  i  “■  l  i/Lii  !  1  ■  /  *  4  t  li  iwC: 


f(4)]v(c/y, } 


(H-82) 


(H-83) 
{ H— 84 ) 
(H-35) 
(H-S6) 

fU  pT 
l n-o/ I 

fH-88) 


r  t  ia  «  r 


~  l  i/^/L  :  1^/  *  ^  l5*  /  i 


f(4}]{c"c) 


(H-92) 


A43  *  (1/2)[f(2> 


A44  *  d/2)[f(l)  +  f(2)  +  f(3)  +  f(4)]  -  1 


(H-93) 


The  results  of  the  eigenvalue  analysis  for  the  range  of  frequency 
fetors  from  0  to  10  are  plotted  on  Figure  H-6.  The  previous  results 
ft-5*  tue  oa'lc  difference  scheme  and  the  Interpolation  scheme  are  also 
shown  for  comparison.  The  scheme  Is  clearly  unstable  since  tj\e  maxisssi 
absolute  value  of  the  eigenvalues  are  greater  than  or  eoual  J. r  1.0  for 
all  values  of  the  frequency  index.  The  largest  amplification,  >  =1.2, 
occurs  at  I  »  10  which  corresponds  to  a  Fourier  component  having  a  wave 
length  equal  to  twice  the  network  spacing.  The  relatively  small  value 
of  the  saxisss  amplification  factor  accounts  for  the  fact  that,  In  the 
miseries!  calculations,  the  Instability  did  not  show  up  until  20  to  30 
integration  steps  were  taken. 

In  an  effort  to  stabilize  the  numerical  scheme  a  codification  1r- 
which  interpolated  values  of  the  dependent  variables  are  a^sc  used  at 
point  (5}  was  analyzed  for  stability.  In  this  case  the  coefficients 
B34*  84l  and  S44  tke  system  of  difference  equations  become 

834  *  [f(1)  r  f(2)  -  f(5)J/<;c)  (H-94) 


(H-9:) 


(H-96) 


all  other  coefficients  remaining  the  same.  These  changes  result  in  2 
system  amplification  matrix.  A,  in  which  only  the  elements  Ay  and 
A-44  are  changed,  the  new  values  being 

*~n  *  fC5)  fH-97) 


* 
£  *9 


l  *  1f(5)  -  (l/2)Lf(l>  -  f(2)  ♦  f{3)  *  f(4)j \;u 


(H-93) 
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The  results  of  the  eigenvalue  analysis  using  the  revised  element*, 

Eq.  (H-97)  through  (H-99),  are  shown  on  Figure  H-7,  along  with  the  pre¬ 
vious  results,  for  comparison.  The  revised  scheme  is  clearly  stable  at 
the  higher  frequency  factors,  but  has  amplification  factors  slightly 
greater  than  one  at  values  for  the  frequency  index  of  1 ,  2,  and  3,  which 
correspond  to  Fourier  components  having  wave  lengths  of  20,  10  and  7 
times  the  grid  spacing.  Although  the  scheme  cannot  be  judged  uncondi¬ 
tionally  stable  because  of  the  amplification  factors  slightly  greater 
than  one,  experience  with  the  scheme  has  ;hown  it  to  be  highly  stable. 

The  result  could  be  due  to  the  fact  that  the  von  Neumann  condition  per¬ 
mits  amplification  factors  somewhat  greater  than  ore  (i.e,,  *  1  + 

0(4x)),  or  due  to  the  stabilising  effect  of  the  nonl inear {ties  of  the 
numerical  scheme. 

When  interpolation  is  used,  the  possibility  exists  of  rotating  the 
mesh  and  changing  the  axial  step  site,  ax,.  The  effect  of  varying  these 

t 

parameters,  on  the  stability,  are  shown  in  Figure  H-8.  Here  the  maximum 
amplification  factor  is  plotted  as  a  function  of  the  frequency  index  I. 

A  45  degree  rotation  of  the  finite  difference  network  relative  to  the 
initial -value  surface  grid  produced  a  shirt  of  the  point  of  maximum  ampli¬ 
fication  from  I  *  2  to  I  «  3  with  no  appreciable  change  in  magnitude. 
Reductions  in  axial  step  size  to  0.9  and  0.5  produced  corresponding  re¬ 
ductions  in  the  maximum  amplification;  however  in  each  case  amplifications 
greater  than  unity  were  present. 

7.  SUMiiARY 

The  results  of  the  stability  study  did  not  indicate  that  any  of  the 
schemes  Investigated  were  unconditionally  stable.  However,  the  results 
dramatically  illustrated  the  effect  of  the  various  modifi cations  on  the 
numerical  stability.  In  particular  the  results  showed  the  final  scheme 
to  be  stable  at  the  fundamental  frequency  (i.e.,  the  frequency  corres¬ 
ponding  to  a  wave  length  twice  the  mesh  spacing).  The  Fourier  compon¬ 
ents  corresponding  to  the  fundamental  frequency  are  the  ones  which  are 
normally  most  amplified  by  an  unstable  scheme. 

The  results  of  this  analysis,  and  subsequent  numerical  experience 
with  the  difference  scheme,  seem  to  support  the  general  finding  that 
the  von  Neumann  condition  is  sufficient  for  stability  of  nonlinear  schemes. 
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APPENDIX  I 

ACCURACY  STUDIES  USING  SOURCE  AND 
PRAHDTL -MEYER  FLOWS 


1 .  GENERAL 

The  accuracy  of  a  nurterical  scheme  is  most  easily  checked  by  numer¬ 
ically  obtaining  the  solution  to  problems  for  which  an  exact  solution 
exists.  No  exact  three-dimensional  supersonic  flow  solutions  are  known 
to  exist,  but  exact  solutions  do  exist  for  several  one  independent  vari¬ 
able  flows  which  have  three-dimensional  spatial  character.  Source  flows 
and  Prandtl -Meyer,  or  simple  wave,  flows  are  two  examples  of  such  flows. 
Numerical  solutions  for  these  two  cases  using  the  three-dimensional  al¬ 
gorithm  were  compared  to  the  exact  solution  in  order  to  determine  the 
absolute  accuracy  of  the  scheme  and  also  to  study  the  error  behavior  with 
reduction  in  step  s’ze.  Throughout  the  development  of  the  integration 
scheme  only  numeric  alations  accurate  to  at  least  second-order  were 
used,  and  consequent!  ihe  accuracy  tests  provided  a  means  for  experimen¬ 
tally  verifying  the  order  of  the  error  for  the  resultant  algorithm. 

When  an  ex*.ct  solution  exists  the  order  of  the  error  for  a  schema 
is  easily  determined  by  running  two  cases  at  different  step  sizes  and 
comparing  the  ratio  of  the  errors  to  the  ratio  of  the  step  sizes  raised 
to  a  power  equal  to  the  assumed  order  of  the  error.  If  the  ratio  of  the 
errors  is  greater  than  the  ratio  of  the  step  sizes  raised  to  a  power 
equal  to  the  assumed  order,  then  the  scheme  is  accurate  at  least  to  the 
order  assumed. 

In  addition  to  providing  tests  to  determine  the  order  of  accuracy 
for  the  scheme,  the  comparisons  with  the  exact  solutions  provided  a  quan¬ 
titative  way  to  readily  evaluate  the  effect  of  new  numerical  innovations 
on  the  accuracy  of  the  scheme. 


2.  SOURCE  FLOW 

A  spherical  source  flow  was  used  because  cf  its  three-dimensional 
geometric  character.  In  such  a  flow  the  properties  are  only  a  function 
of  the  aistance  from  the  source  point,  and  hence,  result  in  only  a  one 
independent  variable  flew  in  which  the  streamlines  are  straight  lines. 

In  order  to  test  the  numerical  scheme  a  planar  initial -value  surface, 
for  starting  the  numerical  integration , was  generated  using  the  exact 
source  flow  solution.  Successive  solution  surfaces  were  generated  numer¬ 
ically. 

The  iritial  Investigations  used  a  rectangular  point  network  and  the 
flex#  was  only  calculated  within  the  zone  of  determlnacy  of  the  initial- 
value  surface.  Later,  circular  networks  with  a  conical  boundary  were 
used  so  that  a  greater  number  of  integration  steps  could  be  taken.  At 
each  solution  point  the  exact  source  flew  solution  was  also  generated  so 
that  the  absolute  ereor  could  be  calculated. 

Throughout  the  theoretical  development  of  the  numerical  scheme  the 
local  truncation  error  was  assumed  to  be  third-order  in  step  size  and, 
since  the  number  of  steps  required  to  integrate  to  a  *ixed  point  in  tne 
solution  space  is  the  order  of  the  reciprocal  of  the  step  size,  the  ac¬ 
cumulated  truncation  error  at  a  fixed  point  in  the  solution  space  was 
assumed  to  be  second-order  in  step  size.  The  actual  order  of  the  error 
in  the  integration  scheme  was  determined  by  successively  halving  the 
step  size  ana  integrating  to  the  same  *1xed  point  in  space.  In  the  limit 
as  the  step  size  approaches  zero  one  theoretical  ratio  of  the  accumulated 
errors,  for  a  scheme  locally  accurate  to  second  order,  is  the  square  of 
the  step  size  ratio. 

The  static  pressure  was  found  to  be  the  dependent  variable  which  Is 
computed  least  accurately  and  thus  ’-s  the  most  sensitive  error  indicator. 
The  error  In  pressure  at  a  fixed  point  in  space  for  three  step  sizes  is 
shown,  along  with  illustrations  of  the  process,  in  Figure  1-1.  These 
results  are  for  an  initial  Hach  number  of  4.0  and  a  rectangular  point 
network,  as  illustrated.  The  results  clearly  confirm  the  second-order 
accuracy  of  the  scheme  for  these  initial  conditions,  since  the  ratios  of 
the  errors  are  in  each  case  less  than  ire  ratio  of  the  step  sizes  squared. 

The  error  along  the  central  streamline  Is  shown  plotted  versus  the 
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RECTANGULAR  NETWORK 


niisbtr  of  Integration  steps  ir  Figure  1-2.  Note  that  the  rate  of  e’-ror 
Increase  monotonies lly  decreases  with  the  msaber  of  steps,-  thus  indi¬ 
cating  a  bounded  error  characteristic 

The  effect  of  the  local  r&ch  nusoer  on  the  error  in  a  source  flow 


was  also  investigated  using  the  rectangular  network  and  the  results  are 
presented  In  figure  1-3.  The  reason  that  high  inaccuracies  are  encounter¬ 
ed  at  a  Mach  nteber  near  unity  is  due  .at  least  in  part,to  the  fact  that 
the  equations  approach  a  parabolic  character,  the  family  of  wave  sur¬ 
faces  degenerate  to  a  single  surface,  and  the  rise  Heal  scheme  degener¬ 
ates.  In  addition,  the  gradients  in  velocity  and  pressure  are  greatest 
near  a  Mach  maber  of  unity  which ,undoi&tedly .also  contributes  to  the 


increase  in  error. 

A  conical  boundary  and  a  circular  network  of  points  on  the  inlolal- 
value  surf  ace  were  used  with  source  flow  initial  data  in  order  to  test 
the  accuracy  of  the  overall  sen  ere.  In  addition,  this  approach  permits 
the  solution  to  be  calculated  beyond  the  zone  of  detersinacy  of  the 
initial  data.  This  approach  is  Illustrated  in  Figure  1-4,  ]>e  results 

of  this  type  of  error  study  for  an  initial  Mach  number  equal  to  1,05,  a 
10  degree  source  angle,  and  for  three  step  sizes  are  shown  plotted  as  a 
function  of  axial  length  frees  the  initial-value  surface  in  Figures  1-5 
and  1-6  for  the  central  stress  line  and  a  streamline  at  the  boundary  re¬ 
spectively.  The  combi nation  of  a  10  degree  source  angle  and  a  Hacr. 
nir.be r  of  1.05  produces  a  flow  having  a  gradient  comparable  to  that  which 
exists  at  the  throat  of  a  rocket  nozzle.  The  results  in  both  Figures  1-5 


and  1-6  do  not  show  the  expected  error  reduction  between  the  two  largest 
step  sizes,  cases  (1)  and  (2).  However,  the  reduction  in  error  between 
the  two  smaller  step  sizes,  cases  (2)  and  (3),  does  have  the  proper 
second- order  characteristic.  These  results  indicate  thattne  scheme  does 
have  second-order  accuracy  but  that  the  nonlinear  aspects  of  the  scheme 
lead  to  Increased  relative  orror  at  large  step  site.  These  results  are 
not  ir  conflict  since  a  statement  with  respect  to  the  order  of  accuracy 
of  a  s chess  only  applies  in  the  limit  as  step  size  becomes  small  such 
that  the  coefficient  of  the  error  terr  in  the  power  series  representation 


of  the  solution  approaches  a  constant  value. 
The  nioh  relative  error  on  the  center 
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FIGURE  !-  3.  SOURCE  FLOW  ACCUMULATED  ERROR 

VS.  INITIAL  MACH  NUMBER 


CENTERLINE  ERRORS 


the  initial-value  surface  is  partially  explained  by  the  large  effect  of 
Mach  number  shown  in  Figure  1-3.  However,  no  explanation  can  be  offered 
for  the  fact  that  the  accumulated  error  actually  decreases  in  the  direc¬ 
tion  of  integration.  Normally  the  accumulated  error  would  De  expected 
to  continually  Increase  in  magnitude  with  the  number  cf  Integration 
steps  as  was  the  case  for  the  higher  Mach  number  results  (see  Figure  I -2 ) . 

3.  PRANDTL -MEYER  FLOW 

Essentially  the  same  error  studies,  which  were  made  using  a  source 
flow,  were  repeated  for  a  Prandtl-Meyer  flow.  A  Prandtl-Meyer  flow  is 
also  a  one  independent  variable  flow  (l.e.,  the  properties  of  the  flow 
are  functions  of  the  turning  angle  only}.  However,  the  Prandtl-Meyer 
flow  differs  from  the  source  flew  by  the  fact  that  the  streamlines  are 
curved,  whereas  the  streamlines  of  a  source  flow  are  straight.  In  such 
a  flow  the  streamlines  are  plane  curves  and,  as  a  further  test  of  the 
numerical  method,  a  coordinate  rotation  was  used  such  that  the  planes  of 
curvature  could  be  arbitrarily  oriented  with  respect  to  the  reference 
vectors  of  the  numerical  network. 

Here  again  a  computer  program  was  written  in  which  an  exact  initial- 
value  surface  was  generated  to  start  the  integration  and  the  exact  solu¬ 
tion  was  calculated  at  each  solution  point  in  order  to  obtain  the  abso¬ 
lute  error.  In  the  region  of  simple  wave  flow  tu®  streamlines  are  curved 
and  boundary  point  calculations  could  not  be  conveniently  included  as  was 
done  in  the  source  flow.  Thus  calculations  could  only  be  made  within  the 
numerical  domain  of  determinacy. 

The  networks  for  successive  halving  of  the  grid  spacing  and  the 
accumulated  errors  are  shown  in  Figure  1-7-  These  results  were  generated 
for  an  initial  Hsch  number  of  4.0  and  a  turning  angle  of  10  degrees. 

These  results  also  confirm  the  second-order  error  characteristic  of  the 
scheme  (i.e..  the  ratios  of  the  errors  agree  with  the  ratios  of  the  step 
sizes  squared).  The  accumulated  error  versus  number  of  integration  steps 
is  shewn  In  Figure  1-8  and  the  accumulated  error  at  a  fixed  point  versus 
the  initial  Mach  number  is  shown  in  Figure  1-9.  These  results  are  essen¬ 
tially  the  same  as  the  corresponding  results  for  the  source  flew. 

The  studies  in  which  the  plane  of  curvature  of  the  streamlines  was 
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routed  with  respect  to  the  base  coordinate  system  produced  tne  results 
shown  in  Figure  1-10.  The  error  was  minimum  when  the  flow  was  rotatec  4 o 
Agrees  and  the  bi characteristic  network  just  straddled  the  plane  of 
curvature  of  the  streamlines.  In  view  of  this  result,  it  was  decided  to 
use  the  plane  defined  by  the  pressure  gradient  and  e  velocity  vector 
as  the  reference  with  which  to  fix  the  single  degree  of  freedom  in  the 
orientation  of  the  bi  characteristic  network.  The  network  was  oriented 
so  that  it  sysisetri cal ly  straddled  the  reference  plane.  It  should  be 
noted  that  the  effect  of  rotation  on  the  accuracy  was  very  small,  see 
Figure  I- 10,  and  referencing  the  network  to  the  pressure  gradient  was  not 
essential , 

The  accuracy  studies  for  Prandtl-Heyer  flow  revealed  an  additional 
phenomenon  of  seme  significance.  When  the  initial-value  surface  included 
a  portion  of  the  uniform  flew  whi  J  preceeds  the  region  of  simple  wave 
flow,  significant  increases  in  error  were  noted  at  the  junction  of  the 
two  regions.  This  Is  due  to  the  fact  that  the  derivatives  of  the  fluid 
properties  are  discontinuous  at  that  point.  The  interpolation  scheme 
using  second-order  polynomials  assunes  continuity  in  derivatives  up  to 
second  c rder  and  as  a  result  the  accuracy  of  interpolation  drops  to  first 
order  in  the  neighborhood  of  the  discontinuity.  The  accuracy  of  the 
nunarical  scheme  at  such  points  could  only  be  improved  by  locating  the 
discontinuity  surface  throughout  the  flow  and  using  one  sided  interpola¬ 
tion  formulas  on  each  side  of  the  discontinuity  surface.  Fortunately, 
flows  having  discontinuous  derivatives  are  seldom  encountered  in  practice 
since  sharp  comers,  in  the  mathematical  sense,  do  not  physically  exist. 
In  addition,  the  flow  boundaries  are  usually  required  to  be  smooth  as  a 
result  of  structural  cons i derations. 
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FIGURE  I -10.  PRANDTL- MEYER  FLOW  ERROR  FOR 

NETWORK  ROTATION 
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